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JAMES STANKEWICZ 



Abstract. Consider a Shimura curve X^(N) over the rational numbers. We determine criteria for the 
twist by an Atkin-Lehner involution to have points over a local field. As a corollary we give a new proof 
of the theorem of Jordan-Livne on Q p points when p | D and for the first time give criteria for Q p points 
when p | N. We also give congruence conditions for roots modulo p of Hilbert class polynomials. 

Let D be the squarefree product of an even number of primes and let N be a squarefree integer coprime 
to D. The Shimura curves X^(N)iq are natural generalizations of the classical modular curves Xo(N), 
which we realize here as Xq(N)/q. Shimura first defined these curves over Q [Shi71j and also showed that 
Xq (N)(R) is nonempty if and only if D = 1. Later, conditions for Xq (N)(Q p ) to be nonempty were 
determined when p \ D first by Jordan and Livne [JL851 Theorem 5.6] in the case N = 1 and in the general 
case by Ogg |Ogg85| Theoreme]. 

In this paper, we give comprehensive criteria for the presence of Q p -rational points on all Atkin-Lehner 
twists of X®(N) including the trivial twist, X®(N). Therefore as a consequence, we recover the theorem 
of Jordan and Livne and for the first time give criteria for Q p -points when p \ N and D > 1. We note that 
conjecturally, these twists and their combinations form all twists of X®(N) for all but finitely many pairs of 
D and N |KR08| . Let C D (N,d,m) denote the twist of X®(N) by Q(Vd) and the Atkin-Lehner involution 
w m as in Definition 12.21 Particular cases of interest are the twists by the full Atkin-Lehner involution wdn ■ 
In that case we have the following. 

Corollary (EOO)) . Ifp\DN is inert in Q(Vd), C D (N,d,DN)(Q p ) is nonempty. 

Theorem (|4.1[ partial). Suppose thatp \ 2DN is aprime which is ramified in Q(\/d). Then C D (N, d, DN)(Q P ) + 
if and only if one of the following occurs. 



1 and a certain Hilbert Class Polynomial has a root modulo p. 



• ( D 

• ( = ~1; 2 \ D, = ~1 for all primes q | D, and j = 1 for all primes q \ N such that q + 2 

• 2 | D, [ Z ^ L ) =-l,p= ±3 mod 8, ( = -1 for all primes q | (D/2), and = 1 for all primes 
q\N. 

Corollary (|5.2p . Let p \ D be a prime which is unramified in Q(\/d). Let pi, qj be primes such that 
D/p = UtPi and N = Uj Qj- 

• If p is split in Q(\/d) ; then C D (N,d,DN) = X®(N) over Q p and X® (7V)(Q p ) is nonempty if and 
only if one of the following two cases occurs. 

(1) p = 2, pi = 3 mod 4 for all i, and qj = 1 mod 4 for all j 

(2) p = 1 mod 4, D = 2p, and N = 1 

• If p is inert in Q(\/d) then C D (N, d, DN)(Q p ) is nonempty. 

Corollary (|6.2p . Let p be a prime dividing N such that p is unramified in Q(\/d). Then C D (N, d, DN)(Q P ) 
is nonempty if and only if 

• p is split in Q(\/d) and either D = 1 or 

- p = 2, D = YliPi with each pi = 3 mod 4, and N/p = Ylj Qj with each qj = 1 mod 4, or 
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— p = 3, D = YliPi with each Pi = 2 mod 3, and N/p = Ylj q,j with each qj = 1 mod 3, or 

— TF'(D,N, l,p) > where TF' is as in DefinitionWJM 

• p is inert in Q(\/d) with Dp = YliPi, N/p = Ylj qj such that one of the following holds. 

— p = 2, for all i, pi = 3 mod 4 and for all j, qj = 1 mod 4. 

— p = 3 mod A, D = 1 and N = p or 2p. 

We also give infinite families of examples of twists which have (^-rational points for all places v of Q. 

Example (|5.13| . Suppose that q is an odd prime and consider Aq 9 (1)/q, a curve of genus g. Note that this 
curve is hyperelliptic over Q if and only if q e {13, 19, 29, 31, 37, 43, 47, 67, 73, 97, 103}|Ogg83, Theorem 7]. Let 
p = 3 mod 8 be a prime such that y~ \ = _ 1 an d such that for all odd primes £ less than Ag 2 , = -1. Let 

the twist of X^ q (1) by Q(\/-p) andwi q be denoted by C 2q (l,-p,2q)/Q. Then C 2q (l, -p, 2q) has Q„ -rational 
points for all places v of Q. 

If q = 13, then the genus of Xq 6 (1) is two. Therefore Xq 6 (1) is hyperelliptic, and has the following explicit 
model, where W2 q is identified with the hyperelliptic involution [GR04J: 

y 2 = -2x 6 + I9x 4 - 24x 2 - 169. 

Hence, an explicit model for C 26 (l,-p, 2q) is given by the affrne equation 

y 2 = 2px 6 - 19px 4 + 2Apx 2 + 169p. 

The primes less than 2000 satisfying the congruence conditions in the above example are p = 67, 163, and 
1747. It can be checked that the explicit model of C 26 (l, -67, 26) has at least the rational points (^, ± -yf!p) , 
and that C 26 (l, -163, 26) has at least the rational points ±5 4 2 2 g° 7 L 5 16 ) . If p = 1747, a point search in sage 

[S + 12| failed to produce any rational points and the TwoCoverDescent command in MAGMA did not determine 
if C 26 (l,-1747, 26) has no rational points. 

Example (|6.16j) . Let q = 3 mod A be a prime and consider the curve Xo(q)/Q. Let p = 1 mod 4 be a prime 
such that f^J = -1 and let C 1 (q,p,q) /q denote the twist of Xo(q) by Q(^/p) and w q . Then C 1 (q,p,q) has 
Q v -rational points for all places v o/Q. 

If q = 23, the least two primes satisfying the above are p = 5 and p = 13. Using a hyperelliptic model of 
the genus 2 curve Xq(23) [GR91] as above, it can be verified that C 1 (23, 5, 23)(Q) is nonempty. Meanwhile, 
the TwoCoverDescent command in MAGMA determined that C 1 (23, 13,23)(Q) is empty. 

Finally if A < we recall the Hilbert Class Polynomial [Cox89| p. 285] which describes the unramified 
abelian extensions of Q(\/A). Only for finitely many A is the splitting of Ha(X) modulo primes completely 
determined by congruence conditions |Cox89| Theorem 3.22]. The results of this paper allow us to find 
examples of primes p in which congruence conditions determine the splitting of Ha(X) modulo p. 

Corollary (|4.3p . Let p + 2 be a prime and let N be a squarefree integer such that j = ~1- Let Ha(X) e 
Z[X] denote the Hilbert Class Polynomial of discriminant A. It follows that H_4n(X) has a root modulo p 
if and only if for all odd primes q | N, = 1- 

We proceed as follows: After reviewing some quaternion arithmetic, we will prove some Theorems on 
embeddings of quadratic orders which may be of independent interest. Then after properly defining these 
Shimura curves and their Atkin-Lehner involutions, we will show how these embedding theorems may be 
applied to the problem of controlling superspecial points on Shimura curves over finite fields. The remaining 
sections deal with determining Q p -rational points. 

1. Quaternion Arithmetic 
1.1. Basic definitions and theorems. 

Definition 1.1. A quaternion algebra over a field K is a four-dimensional central simple if -algebra. 

Example 1.2. If the characteristic of K is not 2, and a, b € K x then there is a quaternion algebra over K 
which we denote (^)- This algebra has a K-basis k) such that i 2 = a, j 2 = b and k = ij = -ji. 
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Definition 1.3. Let if be a number field. We say that a quaternion algebra B is ramified at a place v of 
K if B ®k K v is a division algebra. 

Definition 1.4. If K = Q, we say that a quaternion algebra B is definite if i? is ramified at oo. Likewise 
we say that B is indefinite if -B is unramified at oo. 

It is well-known that if if is a number field, the quaternion algebras Bjx are determined up to isomorphism 
by the even number of ramified places of K. It follows that if K = Q, B is definite if and only if B is ramified 
at an odd number of primes. Therefore we make the following definition. 

Definition 1.5. Let D > be a squarefree positive integer. Let Bd denote the unique quaternion Q-algebra 
such that Bd is ramified at p if and only if p \ D. To any quaternion Q-algebra, we associate its discriminant 
disc(-B), the unique positive squarefree number such that B = B disc ( B y 

Definition 1.6. Let B be a quaternion if -algebra and let a a denote the main involution of B over K . 
Define the trace a >->■ tr(o) = a + a and the norm N(a) = aa. 

Definition 1.7. A Z-order in a quaternion Q-algebra B is a rank four Z-subalgebra of B such that for 
all 9 e 0, tr(0) e Z and N(0) € Z. 

Definition 1.8. The discriminant of a Z-order with a Z-basis ex, . . . , is disc(0) = det(tr(eie ;/ )). 



so i/disc(0 2 ) = disc(d) tfien X = 2 . 

Definition 1.10. An order in a quaternion algebra will be called maximal if it is maximal with respect to 



Lemma 1.11. |Vig80j Corollaire II.5.3] An order in a quaternion Q-algebra B is maximal if and only if 
disc(S) = y/\ disc(O) |. 

If an order is contained in two maximal orders 0\ and 02, then \0\ : 0] = [02 : 0] by Lemma Tl. 91 

Definition 1.12. A Z-order c B is called an Eichler order when it is the intersection of two (not necessarily 
distinct) maximal Z-orders. An Eichler i?-order may be analogously defined for other commutative rings. 
The level of an Eichler order is its index in either maximal order. 

Definition 1.13. By Lemma W~9[ if is an Eichler order, \/| disc(0) | is a positive integer, which we may 
sometimes refer to as the reduced discriminant. 

Definition 1.14. Let Z p 2 denote the unique irreducible unramified degree two ring extension of Z p . 

Lemma 1.15. |Vig80, Corollaire II. 1.7] Let B be a quaternion Q-algebra ramified at p. Then B ® Q p has 
a unique maximal Z p -order 0. Moreover, there exists an element ir e B <S> Q p such that ir 2 = pO and 
= Z p 2 ffi 7rZ p 2 . It follows that for a e Z p 2, irair^ 1 = cr(a) where (a) = Autz p (Z p 2). 

Hereon, we suppress the Z as all of our quaternion algebras will be over Q (or be the base change of a 
quaternion algebra over Q). 

Lemma 1.16. |Vig80, Lemme II. 2. 4], |Vig80[ Corollaire III. 5. 2] Let B be a quaternion Q-algebra and an 
Eichler order of level N. If p \ disc(B) 7 then there is an embedding <S> Z p ^ A/2(Z p ). Moreover there is a 
unique integer n such that ® Z p is conjugate to an order in Mi(Tjp) of the form 



Lemma 1.9. |Vig80j Corollaire 1.4.8] i/0i □ 2 then disc(0i) | disc(0 2 ). Moreover, \Q X : 2 ] 




inclusion. 



p n Z p Z. 



) 



We may explicitly give n as the non-negative integer such that p n \ N but p n+1 \ N . 
Definition 1.17. We say that an order is ramified at p if p \ disc(0). 
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Definition 1.18. |Eic731 p. 17] Let B be a quaternion algebra over Q and O c B an order. A left O-ideal 
is a left O-module M contained in B such that OM = M and for all primes p of Q, there exist m p e B such 
that Z p ® M = Z p ® Om p . If M is a left O-ideal then we call O r (M) := {x e B ■■ Mx c M} the rigW order of 
M . We say that M is two-sided if O = O r (Af). We may similarly define right ideals I and their left orders 
Oi(I). 

Definition 1.19. Let B be a quaternion algebra and Oc5an order. We say that a (left, right or two-sided) 
O-ideal M is integral if M c O. 

Definition 1.20. Let B be a quaternion algebra and OcBan order. We say a left O-ideal M is principal 
if there is some me B such that M = Om, and similarly for right O-ideals. 

Lemma 1.21. |Vig80, Corollaire 111.5.7(1), Lemme III. 5. 6] If B is indefinite and O is an Eichler order in 
B (of any level), then every left (or right) O-ideal is principal. Therefore, the Eichler orders (of any given 
level) are conjugate. 

Lemma 1.22. |Vig80, Proposition V.3.1, Corollaire V.2.3] If B is definite and O is an Eichler order in B 
then O x is finite. The number of left (or right) ideals up to right (or left) multiplication by B x is finite. 

Lemma 1.23. |Eic731 Theorem II. 1.1] Let B be a quaternion algebra of discriminant D. If O is an Eichler 
order of square-free level N in B, then the two-sided ideals of O form an abelian group under multiplication. 
For each prime p | DN , there is a unique two-sided integral ideal p p such that = Op = pO. Moreover, any 
two-sided ideal of O is equal to one of the form 

( n p7> 

p\DN 

where r e Q and e p € {0, 1}. 

Definition 1.24. Let A be a finitely-generated, torsion-free Z-algebra, let A be A®% Q and let : A A a 
be the natural embedding a h» a®l. Suppose that there exists an embedding <fi : A\ A2 of finitely generated 
torsion-free Z-algebras. Define 4>° : A\ ■-»■ A® to be the induced embedding a®r/s <fr(a) ®r/s. We say that 
is optimal if e Al (Ai) = (0°)- 1 (e J 4 2 (A 2 )). 

Let <f) : Ai Ai be an embedding of finitely generated torsion-free Z-algebras. Define A\ := (0 o ) _1 (eA 2 (^2)) 
and note that A[ is a finitely generated torsion-free Z-algebra. Note also that A\ d A[ d Ai because <p° in- 
duces an embedding A[ ■-» A^. Moreover, this embedding is an optimal embedding ip : (0°) _1 (e J 4 2 (A2)) Ai- 

Example 1.25. // Eiq has j -invariant 0, there is an embedding (f> of A% = Z[\/-3] into A2 = End(i?) = 
Z [ This embedding is however not optimal. Note that <jp is actually an isomorphism A\ = A^ = 

Q(n/^3) and A\ has index 2 in (<p°y 1 (eA 2 ( A 2)) = A 2 . 

Definition 1.26. Let A be an integer which is congruent to zero or one modulo four. We will denote by R/\ 
the unique quadratic order of discriminant A. If A is not a square, _Ra ® Q is a quadratic field if a = Q(\/A)- 
In this case, we may define the class number h(A) := #Pic(i?A) and the conductor /(A) := [Z^ A : Ra]- We 
also fix w(A) := #R\. 

Definition 1.27. Let p be a prime, and let (-) denote the Kronecker symbol. That is, if p is odd, the 

Kronecker symbol is the Legendre symbol. If p = 2 then (|) = and if q is an odd prime then (|) = 

(-l)( q _1 )/ 8 . We obtain the Kronecker symbol by extending multiplicatively. 

The Eichler symbol may then be defined in terms of the Kronecker symbol as follows: 

rAl fl P \f(A) 
Ui [(f) else 

Definition 1.28. For square-free coprime integers D and N and some integer A = 0, 1 mod 4, we define the 
quantity 

««-cA>-«A)n(i-{£})nH£})- 
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Theorem 1.29 (Eichler's embedding theorem). Let D and N be square-free coprime integers. If Bp is 
indefinite, then the number of optimal embeddings, up to O x conjugacy, of a quadratic order R of discriminant 
A into some Eichler order O of level N in Bjj is e£)jv(A). If Bp is definite, then the number of optimal 
embeddings, up to O x conjugacy, of a quadratic order R of discriminant A into some Eichler order O of 
level N in Bd is eo,N(A)/w(A) . 

Proof. This is proven separately in the indefinite case [VTg80, Corollaire III. 5. 12] and in the definite case 
|Eic731 Proposition 5]. □ 

1.2. Simultaneous embeddings into Eichler orders. Let B' be a definite quaternion Q-algebra. Sup- 
pose that there exist u>i,u>2 e B' such that ui\ = -q and w| = -d for q,d e Z. Thus u)\U)2 e B' is of norm qd. Al- 
though u>\ and u)2 are integral, it may be the case that lo\lo2 is not integral. We only know that tr(wiW2) < Aqd. 
In order for uj\uj 2 to be integral it is necessary and sufficient that tr(wiW2) = ^1^2 + ^2^1 = s e Z. 

Now let us grant that ti(wiW2) e Z. Since u)\,u)2i an d UJ1UJ2 are integral, any order O' that contains w\ 
and L02 contains u>iui2- Note that the Z- module generated by 1, lo\, u>2 and LO1LO2 is an order of B' if and only 
if (1, 0J1, L)2, is a basis for B' over Q. In the latter case, we may compute that the reduced discriminant 

of Z © Zwi ffi Zuj2 © ZW1W2 is Aqd - s 2 . If q = 3 mod 4, — ^— - is integral and the reduced discriminant of 

„ „ 1 + Wl „ „ 1 + Wi , / c . \ 2 

Z © Z — - — © Zuj 2 © Z — - — uj 2 is - (|J . 

Theorem 1.30. Fix square-free positive integers D',N' such that (D',N') = 1 and D' is the product of an 
odd number of primes. Fix also m > 1 such that m\D'N' . The following are equivalent. 

(1) There is a definite quaternion algebra B' over Q of discriminant D' , an Eichler order O' of level N' 



in B' and elements ui\ and 0J2 contained in O' such that uj\ = -1 and oj 2 



-m. 



(2) There are factorizations D' = YliPi an d N = Ylj Qj into distinct primes such that 

• m = D'N' or 2\D'N' and m = D'N'/2 

• for all i either Pi = 2 or pi = 3 mod 4 

• for all j either qj = 2 or qj = 1 mod 4 



Proof. If Z[£i] ^ C, then pi = 2 or pi = 3 mod 4 and qj = 2 or qj = 1 mod 4 by Theorem II .291 

Since m > 1, Z[( 4 ] Z[\/-m\ and vice versa. Therefore C d Z ffi Zwi ffi Zw 2 ffi ZujiU}2 and so m | D'N' \ 

Am - s 2 . If s = 0, we have m 1 13' N' \ 2m since D'JV' is squarefree. 

If s =£ 0, m I 4m - s 2 implies that m | s and m < |s|. Since m 2 < s 2 < 4m, we have m < 4. If m = 2 and 

< s 2 < 4m = 8 then m|s implies that |s| = 2 and thus 2 | D'N' \ 4. Then since D'N' square-free and D' > 1, 

m = D' = D'N' = 2. If m = 3 and < s 2 < 4m = 12 then m | s implies that |s| = 3 and thus 3 | D'N' \ 3 so 

m=D' = D'N' = 3. We have thus shown (1) => (2). 

(-1 -D'N'\ 

For (2) => (1), it suffices to consider the quaternion algebra A = I — — — I with u>i = i and u>2 = j. It 

can be calculated that A = Brj'. 

If 2 I D'N', ^ — ^"""j^ 2 sc ' uares ^° ~D'N'I2. Set w 2 = (~ _ 2~~") aJ2 80 *^ ia * ^ e re< 4uced discriminant 
of Z ffi Zcji ffi Zlu' 2 ffi Zwiw 2 is AD'N'/2 = 2D'N'. An explicit order containing u)\ and w 2 is the "Hurwitz 
quaternions" 

Z ffi Zwx ffi Z^; ffi Z 2 L_2 

2 2 

which have reduced discriminant D'N'. 

If 2 + L>'A^' then D'iV' e 3 mod 4 and so i^ 2 - is integral. Therefore Z ffi Zwi ffi Z ^ i^ 2 - j ffi Zwi ( 

is an order and has reduced discriminant D'N' . □ 

We note that we gave very explicit examples of orders satisfying Theorem 1 1.301 (1) in the proof above. We 
note that these orders are unique up to B x - conjugacy. 

Theorem 1.31 (Pizer). Let B' be a definite (^-quaternion algebra and suppose that for all p | disc(-B'), 
— ) = -1 . Let N be a squarefree integer such that for all p I N , I — I = 1 . Then there is a unique conjugacy 

■pi V p 1 

class of Eichler orders of level N in B' into which Z[^4] embeds. 



Similarly, suppose that for all p | disc(_B'), ^ — j = -1, and let N be a squarefree integer such that for all 

p | N, ^ — j = 1. Then there is a unique conjugacy class of Eichler orders of level N in B' into which Z[£ 6 ] 
embeds. 

Proof. Let o be an order in an imaginary quadratic field. Recall the definition given by Pizer |Piz761 
Definition 11] of D(o) as the number of (i3') x -conjugacy classes of Eichler orders of level N in B into which 
o is optimally embedded. During the proof of Theorem 1 6 on page 73 of the same article, it is proven that 
if o = Z[£j] then D(o) is zero or one depending on whether or not there is an optimal embedding. Similarly 
on page 75 of the same article, the same thing is proven for Zf^]- D 

Corollary 1.32. Let B' be a definite quaternion algebra of discriminant D' , and let O' be an Eichler order 
of B' of squarefree level N' such that Zf^] ^ O' . If m \ D'N' and vn+1, then Z[a/— ~m\ O' if and only if 
m = D'N' or 2 | D'N' and m = D'N'/2. 

/_1 -D'N'\ 

Corollary 1.33. When the conditions of Theorem \1.S(A are satisfied, B' = I — — — I and O' is (B') x - 

conjugate to one of the following: 

(1) The unique maximal order in B' if D' = 2 or 3. 

(2) Z e Zi e Z^ e Z l -f- if1\ D'N'. 

(3) ZeZieZ^eZ(±^ + ^) if2\D'N'. 

Moreover if 2 \ D'N' we note that the order in 3. contains — - — , a square root of -D' N' /2. 

We now turn our attention to simultaneous embeddings of Z[£ 6 ] and Z\\J -m\. 

Theorem 1.34. Fix squarefree positive integers D',N' such that (D',N') = 1 and D' is the product of an 
odd number of primes. Fix also m\D'N' such that m > 1 , m + i. The following are equivalent 

(1) There is a definite quaternion algebra B' of discriminant D' , an Eichler order O' of level N' in B' 



and , W2 e O' such that ujf = -3 and u>\ 



-m. 



(2) There are factorizations D' = YliPi> N' = Ylj Qj into distinct primes such that 

• m = D'N', or 3 | D'N' and m = D'N'/3 

• for all i either p^ = 3 or pi = 2 mod 3 

• for all j either qj = 3 or qj = 1 mod 3 

Proof. If Z[($] <-> O' then pi = 3 or pi = 2 mod 3 and qj = 3 or qj = 1 mod 3 by Theorem 11.291 

Note that since m > 1 and m * 3, Z[^] i> 2i\y/—m\ and vice versa. We know that since O' d ZffiZ ( ^ ) ® 

Zlu 2 e Z (^) U32, m | D'N' \ 3m - (s/2) 2 . If s = 0, we have the result that m | D'N' \ 3m. 

If s * 0, m | 3m - (s/2) 2 implies that m \ (s/2). Thus m 2 < (s/2) 2 < 3m so m = 2. If < (s/2) 2 < 6 and 

2 | (s/2) then s = 4 so m = D' = D'N' = 2. 

( -3, -D'N' \ 

To show that (2) implies (I), it suffices to consider the quaternion algebra A = I — — — I with io^-i 

and u>2 = j- It can be calculated that A = Bjji. 

If 3 | D'N', then (wiw 2 ) 2 = -3D'N' so (1/3)0^2 squares to -D'N'/3. We set uj' 2 = —uj 2 so the reduced 

3 

discriminant of Z e Z ® Zlo' 2 ® Z + ^ lo' 2 is 3(D'N'/3) = D'N'. 

If 3 \ D'N' , then D'N' = -1 mod 3. It can thus be calculated that Z eZ 1 ^ 1 ez|- 
rr ' ~ 1 — is an Eichler order of level N' in A. □ 
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Corollary 1.35. Let B' be a definite quaternion algebra of discriminant D' and let O' be an Eichler order 
of B' of squarefree level N' such that Z[^] ^ O' . If m\ D'N' and m+ 1,3, then Z\yf—m\ ■-»■ O' if and only 
ifm = D'N' or D'N' 13. 



(-3,-D'N'\ 

Corollary 1.36. When the conditions of Theorem \1.34\ are satisfied, B' = I — — — I and O' is B x - 

conjugate to one of the following: 

(1) The unique maximal order in B' if D' = 2 

(2) z e ez(^ + f )ez -3+»-2fc if 3JtD ' N ' 

(3) Z e Z^ e Z| e Z^i if 3 | LW 

Moreover if 3 | D' N' , the order in (3) contains fc/3, a square root of -D 1 'N' /3. 

We prove one final theorem on simultaneous embeddings. For the remainder of the section, let D be the 
squarefree product of an even number of primes, N a squarefree integer coprime to D, and p a prime not 
dividing DN. We shall also set B' := Bo v and let m \ DN be an integer greater than one. The following 
lemma is an easy calculation. 



Lemma 1.37. We have the following isomorphisms of Q- algebras. 



T, then 



(1) If2\ DNp, i=A = -1 for all primes q\D, = 1 for all primes q \ N, and {^-) 

B>~ = (--^y 

(2) If 2 | N, (^) = -1 for all primes q \ D, (^) = 1 for all primes q \ (N/2), and (^) = -1, then 

(3) If 2 | D, = -1 for all primes q \ D, = 1 for all primes q \ N, and (^-) = -1, then 

(4) If 2 | D, = ~1 for all primes q \ D, = 1 for all primes q \ N, and ( ~ D ^ 2 ) = -1, then 

(5) If p = 2, = _ 1 for all primes q \ D, and (~\ = 1 f or oil primes q \ N then B' = (~^cj^~)- 

Theorem 1.38. Recall that D is the squarefree product of an even number of primes, N a squarefree integer 
coprime to D, and p a prime not dividing DN . Recall further that B' = Br> p and let m \ DN be an integer 
greater than one. We have the following equivalences. 

(1) Suppose that 2 \ DNp. There is an Eichler order O' of level N in B' and embeddings if)\ ■ Zf^/^p] •-»■ 
O' and tp2 '■ l Zi[\/-m\ <-> O' if and only if m = DN, \ = _ 1 f or a ^ primes q \ D, (~^\ = 1 f or a ^ 

primes q \ N, and ( D p N j = _i - 

(2) Suppose that 2 \ N . There is an Eichler order O' of level N in B' and embeddings ipi : Z[^/^p] ^ O' 
and ij)2 '■ Z[v~ro] •->■ O' if and only if one of the following two cases occurs. 

• to = DN, = ~1 for all primes q \ D, = 1 for all primes q \ (N/2), and ( D p N j = _ 1 

• 771 = DN/2, = ~1 for all primes q \ D, f-~J = 1 for all primes q \ (N/2), and ( j = _ 1 

(3) Suppose 2 | D and [ Z ^ L ) = -1. There is an Eichler order O' of level N in B' and embeddings 
ipl : Zf^/^p] <-*■ O' and ip2 '■ Z[^/-mJ ■->■ O' if and only if m = DN , j = -1 for all primes q \ (D/2), 
p ^ 7 mod 8, and ( -~J = 1 for all primes q \ N . 

(4) Suppose 2 | D and (^) = 1. There is an Eichler order O' of level N in B' and embeddings 
ipi : Z[y^p] ^ O' and ip 2 ■ Z[^/^m] ^ O' if and only if m = DN/2, DN = 2,6, or 10 mod 16, 
(-j^) = _ 1 for all primes q \ (D/2) , p ^ 7 mod 8, and (~^\ = 1 f or a ^ primes q | N. 

(5) Suppose that p = 2. There is an Eichler order O' of level N in B' and embeddings ipi : Z[^/^p] ^ O' 
and ip2 '■ Z[-\/—Tn\ ^ O' if and only if m = DN = ±3 mod 8, ( "^J = _ 1 f or all primes q \ D, and 

= 1 f or all primes q\N . 

Proof. Suppose first that there exist embeddings : Zf^/^p] <->■ O' and ip2 '■ T L\_\J—m\ ■-»■ O' into some Eichler 
order O' of level N in Bd p - Let uj\ = ipi(\/-p) and 0J2 = ip2(\/~' m )j so ®' 3 {1> w ij w 2, W1CJ2}. Since (p, m) = 1, 
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^[\FP\ i and Z[ N /=m ^ Z[y=p]. Thus, 

O' d Z e Zwi © Zoi 2 © Zwio;2, 

an order of reduced discriminant Amp- s 2 where s is the trace of wiW2- Therefore DNp \ Amp - s 2 , and since 
mp | DNp, we must have mp | s 2 . Since mp is squarefree, mp | s and so either mp <\ s \ or s = 0. 

If s + then m 2 p 2 < s 2 < Amp and thus mp < A. However, recall that m is an integer greater than one and 
p is a prime, so mp > 4. Therefore s = and | DNp | 4mp. In fact, since DNp is squarefree, it divides 
the squarefree part of Amp. If 2 \ mp then mp | DNp \ 2mp and either 2 -f ZW and m = DN or 2 | DN 
and m = DN/2. If 2 | m then mp | ZWp | mp and so m = ZW. If p = 2 then once more mp \ DNp | mp and 
so m = ZW. Recall now that if q is an odd prime then j-^j = (^)- Therefore Theorem 11.291 gives us the 
following congruence conditions. 

• If 2 \ DNp then {^\ = -1 for all primes q\D,(=^) = l for all primes q \ N, and (^f^) = -1. 

• If 2 | Af and m = DAT then = -1 for all primes q | Z>, = 1 for all primes q \ (N/2), and 

• If 2 | 7V and m = DN/2 then (=2) = -1 for all primes q | D, = 1 for all primes q \ (N/2), and 

• If 2 | Z> and m = DAT, then = -1 for all primes q | (D/2), p = ±3 mod 8, and ( ^) = 1 for a11 
primes q \ N . 

• If 2 | D and m = DN/2, then ZW = 2, 6, 10 mod 16, ( ^ ) = -1 for all primes q\(D/2), p= ±3 mod 8, 
and y~\ = 1 for all primes g | AT. 

• If p = 2 then DAT = ±3 mod 8, ( = -1 f° r all primes g | D, and f = 1 f° r all primes g | N. 

We now prove the converse. If 2 + DNp, then by Lemma O^l) , B Dp = B' = ( ~ P ' Q DW ). Contained in B' 

is the order Z © Zi © Zj © Zij of reduced discriminant ADNp. If p = 3 mod 4 then ZffiZi±l©ZjffiZ(±±l)j 
is an order of reduced discriminant DNp, and is thus an Eichler order of level N. Likewise if DN = 3 mod 4 
there is an Eichler order of level N. Assume now that p = 1 mod 4. Then 

jdns ^ -n(f )(-D' 

V P > VP / 9 |zwW aiijjvVs/ g pjvW/ 
where r is the number of primes g | DN such that g = 3 mod 4. Moreover, since D is the product of an even 
number of primes, (~^\ = —1 if q \ D, and = 1 if g | AT, it follows that Yl q \DN ("jf ) = 1- Putting this all 
together we have shown that if p = 1 mod 4, then 

f-DN\_h ZW=lmod4 
~\ p ) [-1 ZW = 3mod4' 

If 2 | N and m = ZW, then by Lemma EID^), B Dp = B' = ( ^ Q flJY ). Contained in £?' is the order 
Z © Zi © Z j © Zij of reduced discriminant ADNp. If p e 3 mod 4 then Z © Z ^ © Z j © Z ( ^ ) j is an order of 
reduced discriminant DNp, and is thus an Eichler order of level N. If p = 1 mod 4 then Z © Zi © Z ( 1+ n + "' ) © 
Z ( ~ 1 ~2 + ' J ) I s an order of reduced discriminant DNp. 

If 2 | JV and m = ZW/2, then by Lemma OZ(2), B Dp ^ B' = ( ~ p '~q N/2 ). Contained in B' is the order 
Z © Zi © Zj © Zij of reduced discriminant 2DNp. It follows that the "Hurwitz quaternions" Z © Zi © Zj © 
Z ( ) are an Eichler order of reduced discriminant DNp. 

If 2 | D and m = ZW, then by Lemma [T37[3), Z^ = B' = [ ~ P ~£ N )- Contained in S' is the order 
Z © Zi © Z j © Zij of reduced discriminant ADNp. If p = 3 mod 8 then Z © Z ^ © Z j © Z ( ^ ) j is an order of 
reduced discriminant DNp, and is thus an Eichler order of level N. If p = 5 mod 8 then Z © Zi © Z ( + o + ' ? ) © 
Z ( ~ 1 ~2 + ' J ) is an order of reduced discriminant DNp. 



If 2 | D and m = DN/2, then by Lemma E334), = B' = ( ~ p '~^ Nl2 \ Contained in B' is the order 

Z © Zi e Zj © Zij of reduced discriminant 2DNp. It follows that Z © Zi © Zj © Z ( ) i s a n Eichler 

order of reduced discriminant DNp. 

If p = 2, then by Lemma [TH^S), = B' = ( ~ 2 '~£ N ). Contained in B' is the order Z © Zi © Zj © Zij of 
reduced discriminant ADNp. If DA e 3 mod 8 then ZffiZ^i^ffiZiffiZ (-5^) i is an order of reduced discriminant 
DNp, and is thus an Eichler order of level N. If DN = 5 mod 8 then Z © Zj © Z (i^) © Z( ~ 1 ~^ ) is an 
order of reduced discriminant DNp. □ 

2. Shimura Curves 

We begin with the definition of a Shimura curve as a coarse moduli scheme, presuming some familiarity 
with abelian schemes and moduli spaces. As always, we will assume that D is the squarefree product of an 
even number of primes and that N is squarefree. 

Definition 2.1. Fix a scheme S and an Eichler order O of level N in Br>. By Xq ) (N)s we will denote 
the coarse moduli scheme parametrizing pairs (A,l) over 5-schemes T, where Aj T is an abelian scheme and 
1 : O EndT(^4) is an optimal embedding such that the pair (A, t) is mixed in the sense of Ribct [Rib89| or 
special in the sense of Drinfeld [Dri76] . 

Definition 2.2. Let f3 m denote a generator of the unique two-sided integral ideal of O of norm m\DN. 
There is an automorphism w m of Xq'(N)s induced by the bijection [(A, l)] >->■ [(A, (t(/3 m )) _1 t(-)t(/3 m ))]. 

Note that the above makes sense because any generator of the unique two-sided integral ideal of O of 
norm m is of the form j3 m u where u is a unit of O. Note that the group of all such w m is abelian because 
the group of two-sided integral ideals is abelian. We call the group of all such w m the Atkin-Lehner group 
W and note there is an isomorphism (Z/2Z)^ DN prime > = W by m\DN {p | m} h- w m . 

Definition 2.3. We say that (A,l) is fixed by w m if = [(A, (t(/3 m )) _1 t(-)t(^ m ))], where j3 m is a 

generator of the unique integral two-sided ideal of O of norm m. 

We now state some theorems on explicit descriptions of X^(N)s over various schemes S. 

Definition 2.4. Let D,N be positive square-free integers and let O be an Eichler order of level in Bn. 
Define Pic(£>, N) to be the set of isomorphism classes of right O-ideals. 

Lemma 11.211 shows that Pic(D,7V) = {[0]} when Bo is indefinite. When Bo is definite, there exist 
formulas for the size of Pic(£), N) [Piz76, Theorem 16]. 

Definition 2.5. The length of an element [I] of Pic(D,iV) is £([/]) := #(C ; (/) X / ± 1). 

We shall use this to make sense of the reduction X®(N)p p when p\D. We say a normal, proper, flat 
relative curve M/z is a Mumford curve if each component of the special fiber is isomorphic over ¥ p to 
and the intersection points are all F p -rational double points. 

Theorem 2.6. [Cla03, Corollary 78] Let p | D. There is a Mumford curve M^ d .n)/z p whose components 
over¥ p are in bijection with two copies ofPic(D/p,N) interchanged by an involution a p of M( D N ^, whose 
intersection points are in bijection with Pic(_D/p, Np), and whose dual graph is bipartite. Moreover let x be 
an intersection point between two components of (M^ DjN ^)^ p corresponding to [I] 6 Pic(D/p,Np). Then the 
following holds: 

o^^z p [[i,y]]/(xy-^ ; ])). 

Most importantly, there is an isomorphism <f> : Xq(N)z 2 ~^ (M(d,n))z 2 suc h that <f>w p = a p (f>. If 
(a) = Autz p (Z p 2), this isomorphism realizes X®(N)z p as the etale quotient of (M^£,,n))z 2 by the action 
of o~a p . 

Remark 2.7. Thinking of the dual graph in this way yields an algorithm to compute dual graphs which 
the author has implemented in MAGMA[BCP97 . If we fix O c O d , it is possible to effectively compute 
representatives . . . ,I a } for Pic(0 D ) and { J\, . . . , Jb} for Pic(C).The origin of Jj is the unique Ii such 
that JjO D = Ii. Also, via the Primeldeal command, we may compute the unique two-sided integral ideal 
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p of O. Therefore we may compute w p [Jj] = [Jjp] as in Theorem 12.201 The terminus of Jj is then the 
origin of [JjP>], determining the graph. It is also possible to determine the action of w m on this graph for 
all m | DN. 

For a ring A of characteristic p, let PF(A) denote the Witt vectors of A |Ser79[ §11.6]. Recall that N is 
always assumed to be square-free. 

Theorem 2.8. If p \ DN and T is an W p -scheme then X® (N) j T is smooth. If p \ N and T is an W p -scheme 
then there is a closed embedding c : X (N /p)t -*■ X®(N)t- Let S = Spec(i?) be a flat Ti^-scheme. If T 
is an S-scheme and if $ : X®(N)t -> X® (N/p)t is the forgetful map Xq(N) -* X®(N/p), then $c is the 
identity and <&w p c is the Frobenius map (A,l) h> (A< p >, Probst) (see Definitions^. Moreover, Xg(N) T 
fits into the following diagram 

X°(N/p) T X°{Nlp) T 




X°(N/p) T X°(N/p) T 

Ift is a closed point ofT such that k(t) = k(t), the intersection of c(X® (N / p)(k(t))) andw p c(X®(N/p)(k(t))) 
is precisely the set of superspecial points (in the sense of Definition \2.12\) . which are in bijection with 
Yic(Dp, N Ip) . Moreover, for each superspecial point x over t corresponding to [I] e Pic(Dp,N/p), the com- 
pletion of the strict henselization of the local ring of X^(N) at x is isomorphic to R®W(W p )[[X, Y]]/(XY- 

Proof. The bijection between superspecial points and Pic(Z?p, N/p) is Theorem 12.161 The remainder of the 
result in the case of Z( p ) was first written down by Helm |Hel07| Theorem 10.3]. □ 

Lemma 2.9. [MollOl Theorem 1.1] The components and singular points of the V p special fiber can be put 
into the following W-equivariant bijections. 





Components 


Intersection Points 


p\D 


Pic(D/p, N) U Pic(£>M N ) 


V\c{D/p,Np) 


p\N 


Pic(L>, N/p) U Pic(.D, N/p) 


Pic(Dp,N/p) 



If p I D, the bisection of a set of components with Pic(D/p, N) is W /(w p )-equivariant withw p interchanging 
each. Ifp \ DN , the superspecial points of X® (iV)jj can be put into W-equivariant bijection with V\c(Dp, N) 
via the embedding c : Xq(N)-^ -* Xq (Np)^ . 

2.1. Superspecial surfaces. Fix a prime number p and a maximal order S in the quaternion algebra B p 
over Q ramified precisely at p and oo. By a theorem of Deuring, there is a supersingular elliptic curve E 
over the algebraic closure F of F p such that EndpC^) = S [Rib89, p. 23]. 

Definition 2.10. Fix E/f, a supersingular elliptic curve with Endp^) = S. We say that an abelian variety 
Am is supersingular when there is an isogeny A -*■ E dlrat ^ A \ 

Note that if E' ¥ is supersingular then E is isogenous to E' so the above definition does not depend on the 
choice of E. 

Lemma 2.11. [Cla03, Theorem 68], }Rib89[ Lemma 4.1] If Aj Vq is an abelian surface over a finite field and 
Bo Endp 5 (A), A is isogenous over ¥ q to the square of an elliptic curve (Eo)w q - Moreover if p\D this 
elliptic curve must be supersingular. 

Definition 2.12. We say that an abelian surface A/ ¥ is superspecial if A = Ei xEj with Ei,Ej supersingular 
elliptic curves over F. 
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Lemma 2.13. [Rib89, p. 21-22] Suppose that A is a supersingular abelian O -surface over F with p \ D. 
Then A is superspecial. 

Note that if A is supersingular, it need not be superspecial. When A is ordinary, we have the following. 

Theorem 2.14. is an ordinary QM-abelian surface over a finite field k, then there exist ordinary 

elliptic curves Eq,E' over k such that A = Eq x E . If m > 1 then (A, l) is w m -fixed (see Definition \2.3\) if 
and only z/End/c(-Eo) =k Endfc(-E'g) and Endfc(i?o) is isomorphic to one of Z[^-m] or Z[ 1+N ^~ T -]. 

Proof. The first part of the statement is part of a more general theorem of Kani [Kanlll Theorem 2], 
who calls ordinary elliptic curves CM. For the second part, note that (A/ s ,l) is u/ m -fixed if and only if 
R = Z[\/-m] (or Z[£<4] if m = 2) embeds into the commutant of c(O) in Ends(A). 

Let k be a finite field, A/ k be ordinary, and (A, t) be u; m -nxed. Also let W(k) denote the Witt vectors of k 
|Ser79|, §11.6], which in this case are just a finite etale extension of Z p . Then there is a canonical choice of an 
abelian scheme A\y(k) with an isomorphism / : Endk(A) Endiy(fc) (A) [Me s72, Theorem V.3.3]. Therefore 
the Serre-Tate canonical lift (A, f ° t) is a QM-abelian surface. Therefore so is Ac (the choice of embedding 
W(k) ^ C does not change the isomorphism class of Ac |Del69|. 7Theoreme]), and there is an embedding 
of R into End^( t (o))(^4c)- Then we may find both an optimal embedding ip : R' ■-»■ O for some imaginary 
quadratic order R' d R and an isomorphism Ac = E\ x E 2 where the Ei's have CM by R' and / o i is given 
by p [MollOl p. 6]. 

Now let K ■■= W(k) ® Q, which must therefore be a finite unramified extension of Q p . We can then 
show that Ak = E[ x E' 2 where E[ ®C = Ei |Kanll[ Lemma 60]. Moreover, each E\ has CM by R' since 
O ■-»■ Endx (Ak) and we have ip : R' <->■ O. Now, if V is an abelian variety over K, let yi(V) denote its Neron 
model over W(k) [BLR90, Definition 1.2.1]. It follows that since A is an abelian scheme, it is the Neron model 
of its generic fiber |BLR901 Proposition 1.2.8], and thus A = m(A K ) = f yi(E[ x E' 2 ) = ^1{E[) x ^1{E' 2 ). □ 

Theorem 2.15. [Shi79] Theorem 3.5]Let E/$ be as in Definition \2.10\ and let A/ v be an abelian surface 
isomorphic to the product of any two supersingular elliptic curves. Then A = E x E . 

Recall that S is a maximal order in B p and p | D. Recall also that an (0, <S)-bi-module is a left O-module 
M which is also a right 5-module such that if x € 0, y € S, and m € M, then (xm)y = x(my). This implies 
that we have homomorphisms O -*■ Ends(M) and S op -*■ Endo(M). If both of these homomorphisms are 
optimal embeddings we say that M is an optimal (0,S) bi-module. 

Theorem 2.16. [Rib89| p.38] Suppose that O is an Eichler order of square-free level N in an indefinite 
quaternion algebra B of discriminant D with (D,N) = 1. There is a bijection between the following sets. 

• superspecial O -abelian surfaces (A, t)y F up to isomorphism 

• Ti-rank 8 optimal (0,S) bi-modules up to isomorphism 

Lemma 2.17. Let q\DN and let Q denote the unique two-sided integral ideal of norm q in O. Under the 
bijection in Theorem \2.1b\ the action ofw q described in Definition\KM corresponds to the action M Q®qM . 

Proof. The bi-module £2®o M is isomorphic to (3 q M as an (O, <S)-bi-module since £j = f3 q O = Of3 q . Therefore 
to get an action of O on f3 q M, we must pre-compose by /3" 1 and post-compose by (3 q . □ 

Definition 2.18. Let 0,S be Eichler orders in a quaternion algebra over a number field K. We say that 
two (0, (S)-bi-modules M,N are locally isomorphic if for all places v of K, M v = N v as (O l ,, l S lI )-bi-modules. 

Remark 2.19. It is choosing a local isomorphism class of a bi-module that allows us to keep track of whether 
or not a surface (A,l) is mixed [Rib89, p. 39]. 

Theorem 2.20. Let 0,S be as in Theorem PHfil and fix an (0,S) -bi-module M. Then A := Endo, s (M) 
is an Eichler order in either Bo p if p \ D or B D / P if p\ D. Moreover, if we fix a bi-module M , there is a 
bijection between the following two sets 

• (0,iS) -bi-modules N locally isomorphic to M up to isomorphism and 

• Rank one projective right A modules up to isomorphism. 

Let q + p be prime. This bijection sends the action described in Lemma \2.17\ to the action [I] [/0a] 7 
where Q\ is the unique two-sided ideal of norm q of A. 
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Proof. The bijection in the case where O is a maximal order is a theorem of Ribet [Rib89, Theorem 2.3]. 
The extension to Eichler orders is due to Molina jMollOl Remark 4.11]. His proof depends on showing that 
Homo,s(iV ) Oo ® N) is £} A . □ 

Definition 2.21. Retaining the notation of Theorem 12.201 the action [/] >-*• [/0a] will be referred to as w q . 
Moreover if m is the product of primes ramified in A, we define w m as the composition of all w q ranging 
over q | to. 

Corollary 2.22. Let to > 1. A superspecial O-abelian surface (A,l) with corresponding bi-module M is 
fixed under the action of w m if and only if there is an embedding of Z[v~m] (or Z[£i] if m = 2) into 
A = End 0:5 (M). 

Proof. By Theorem l2.201 (A, l) is fixed by the action of w m if and only if [n g | m &a] = [1], which is to say if 
and only if the unique two-sided ideal of norm m is principal. Therefore there is a fixed point if and only if 
there is an element 7 of Endo^M) which can serve as the principal generator. That is, 7 2 A = mA so there 
is a unit u of A such that 7 2 = um. Therefore, u e Zp where F = Q(7), an imaginary quadratic extension 
of Q. Following Kurihara |Kur79] Proposition 4-4], u + 1 since A is definite, u 2 + 1 = can only happen if 
to = 2, and u 2 ±u + 1 = can only happen if m = 3. This exhausts all possibilities since Q(u) c F. If u 2 + l = 
then Z[u] = Z[j] with u ^ 7 + 1. If u 2 ± u + 1 = then Z[u] = Z[j] with u 1-+ 7± 1. □ 

This is of particular interest to us because of the following lemma. 

Lemma 2.23. If (A,l) is a superspecial abelian O-surface overF, then w p (A,l) (in the sense of Theorem 
\2.20)) is its F p 2 /Wp-Galois conjugate. Equivalently, if P ■ Spec(F) -> X®(N) corresponds to a superspecial 
abelian O-surface (A, t) over F and (f>i : F -*■ F is the p-th power map, the following diagram commutes. 

Spec(F)— ^Xg(N) 



Spec(F) — Xq(N) 

Proof. If p I D, then for all points P : Spec(F) -* X®{N), the square of this Lemma commutes by Theorem 
12.61 If p I N, and P : Spec(F) -> X® (N) corresponds to an abelian O-surface (Af 7 i) then by Theorem 12. 8[ 
w p P corresponds to (A^ p \Frob Pi » l). By Lemma [3T4l this corresponds to the point P(j>\. If p \ DN, we can 
reduce to the case p \ N via the embedding c : X^ (N) r ^ X^(Np) ¥ . □ 

Definition 2.24. Let (A,t) be a superspecial O-abelian surface over F with corresponding bi-module M. 
The length of (A, l) is #(End (c ,^)(Af) x / ± 1). 

Note that End(e> = End^iA, l) [MollOl Equation 3.5]. Therefore if (A,l) corresponds to a point of 
X^(N)(¥) then this definition agrees with Definition 12.51 

Corollary 2.25. Let (A,l) be a mixed superspecial O-abelian surface with corresponding bi-module M and 
whose length is divisible by three. Let N' be the level of O' = End( .5) (A/) and D' the discriminant of 
O' ® Q. Then for all p \ D' , p = 3 or p = 2 mod 3, and for all q \ N' , q = 3 or q = 1 mod 3. Moreover, (A, t) 
is fixed by w m if and only if m= 1,3, D'N' or D'N'/3 if 3 | D'N' . 

Proof. Unless D' = 2,3 and N' = 1, the only possible such length is three |Vig80, Proposition V.3.1]. In each 
of those cases, if p \ D' then p = 2 or p = 3. If (£>', N') + (2,1), (3,1), the length of (A, l) is three if and only 
if Z[(q] <-* O' and the first part of our statement holds by Theorem 1 1.291 

Recall now that any (A,l) is fixed by ui\. If Z[(q] embeds into O' note that Z[\/^3] c Z[(q] ^ O' so 
(A, u) is fixed by 103 if 3 | D'N' . Now suppose that to + 3 so Z[Cg] does not contain Z[%/-to] and vice versa. 
In that case we have simultaneous embeddings if and only if to = D'N' or if 3 | D'N' and m = D'N'/3 by 
Theorem 02 □ 

Corollary 2.26. Let (A,l) be a mixed superspecial O-abelian surface with corresponding bi-module M and 
whose length is even. Let N' be the level of O' = End^ ^^M) and D' the discriminant o/0'®Q. Then for 
all p I D' , p = 2 or p = 3 mod 4, and for all q \ N' , q = 2 or q = 1 mod 4. Moreover, (A' , t') is fixed by w m if 
and only if to = 1,2, D'N or D'N'/2 if 2 | D'N'. 
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Proof. Recall that unless D' = 2,3 and N' = 1, the only possible even length is two |Vig80| Proposition 
V.3.1]. In each of those cases our conditions hold. If (D',N') + (2,1), (3,1), the length of (A,l) is two if 
and only if Z[^] ^ O' and the first part of our statement holds by Theorem 11.291 

Recall now that any (A, l) is fixed by w\. If we have Z[(^4] <-> O' then (A, l) is fixed by wi if 2 | D'N' by 
Corollary |2.221 Now suppose that m > 2 so Z[^] does not contain Z[^/-m] and vice versa. In that case we 
have simultaneous embeddings if and only if m = D'N' or if 2 | D'N' and m = D'N'/2 by Theorem II .301 □ 

Corollary 2.27. Let O be an Eichler order of square- free level N in Bp where D is the square-free product 
of an even number of primes and N is coprime to D. Let m \ DN and let p be a prime not dividing DN. If 
p = 2 there is a mixed superspecial abelian O surface , i) fixed by w m if and only if one of the following 
occurs. 

(1) m= DN, q = 3 mod 4 for all q | D, and q=l mod 4 for all q \ N. 

(2) m = DN = ±3 mod 8, = _ 1 f or a ^ primes q | D, and = 1 for all primes q | N. 

If p + 2, there is a mixed superspecial abelian O surface ,l) fixed by w m if and only if one of the 
following occurs. 

(1) 2 + D, m = DN, (=^ L ) = -I, (^) = -1 for all q \ D, and (^) = 1 for allq\N such that q + 2. 

(2) 2\N, m = DN/2, (-^^) = -1, (^) = -1 for all q\D, and (^) = 1 for allq\N such that q*2. 

(3) 2 | D, m = DN, p = ±3 mod 8, ( z ^) = -1, (y) = -1 for all q \ (D/2), and = 1 for all q \ N. 

(4) 2 | D, m = DN/2, DN = 2, 6, 10 mod 16, p= ±3 mod 8, (-^^) = -1, (y) = -1 for all q \ D, and 
(=£) = l/or allq\N. 

Proof. By Lemma |2.23[ a superspecial abelian surface (A/j 3 , l) is defined over F p if and only if it is w p -fixed. 
Therefore there is some (Av,t) fixed by w rn if and only if there is some Eichler order of level N in Bu p 
which admits an embedding of both Z[-v/-mJ (or Z[^] if m = 2) and Zf^/^p] (or Z[^] if p = 2). 

Let us first assume p = 2. Condition 1 is precisely Corollary 12.261 applied to the situation where (m, 2) = 1. 
Condition 2 is Theorem ll.38f 5). 

Now let us assume p + 2. Conditions 1 and 2 are Theorem 11.38( 1-2) and conditions 3 and 4 are Theorem 
PST 3-4). □ 

3. Local points at good primes 

Throughout this section we will fix D the discriminant of an indefinite quaternion Q-algebra, N a square- 
free integer coprime to D, an integer m | DN and a prime p \ DN. Recall that X^(N)/ Zp has a smooth 
special fiber by Theorem 12.81 Let w rn be as in Definition 12.21 Let Z p 2 be as in Definition 11.141 with 
(a) = Autz p (Z p 2) and let Z/z p denote the quotient of X®(N)z 2 by the action of w m a. 

If p is split in Q(\/d), then X^(N) is isomorphic to C D (N,d,m) over Q p . We may then obtain results 
on local points without appealing to Z. 

If p is inert in Q(\/d) and C D (N,d,m)/Q is the twist of X®(N)/q by w m and Q(\/~d) then Z is a 
Zp-model for C D (N, d, m) Qp . This is because it follows from applying the theorem on etale base change 
|Liu02| Proposition 10.1.21(c)] to the map X®(N)z , that Zf p is also smooth. 

Some easy results present themselves. For instance we may use Weil's bounds to show that we have p-adic 
points for all but finitely many primes p. Unless otherwise noted, assume that g is the genus of X® (N) /q. 

Theorem 3.1. Suppose that p is unramified in Q(\/d) and p> Ag 2 . It follows that C D (N,d,m)(Q p ) + 0. 

Proof. Recall that Weil's bounds [Liu02 ( Exercise 9.1.15] tell us that if X is smooth of genus g over ¥ p then 

\#X(¥ p )-(p+l)\< 2g^p, 

and thus #X(F p ) > p + 1 - 2g^/p > 4g 2 - 4g 2 + 1 = 1. Hcnsel's Lemma tells us that if we let -Z/z p be 
a regular model of C D (N,d,rn)Q and set X = Z$ then C D (N,d,m)(Q p ) = Z(Q p ) is nonempty since 
g = g{C D {N,d,m) Wp ). ^ ' ' □ 
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For p < Ag 2 , we must use another technique. In the split case we use Shimura's construction of the zeta 
function of X ( f (N) Wp using Hecke operators to give an exact formula for the size of XP(N)(¥ p ). In the 
inert case, we give a partial answer in terms of superspecial points. 

Definition 3.2. Let S be an F p -scheme and let A/$ be an abelian scheme. Let Frob p r : A -*■ A^ p - 1 and 
Ver p r : A^ p ' -*■ A be the Frobenius and Verschiebung isogenies, so that Frob p .- Ver p >- = Ver p r- Frob p r- = [p r ] on 
A^ p ^ and A respectively. 

Definition 3.3. Let S be an F p -scheme and let (A,i) be an abelian O-surface. By Prober* i we denote the 
unique optimal embedding O Ends(A( p ') such that for all a e O the following commutes. 

A »A 



Frob„ 



Frob„ 



A(p ) p ' _ _ U A( p ) 

Lemma 3.4. Le£ S = Spcc(F p ) and (f> r : S -*■ S be the morphism given by the p r -th power map. Let (A/g, i) 
be a QM-abelian surface corresponding to a point P : S -> XP(N)s- Let P o r : S* -»■ S -> XP(N)s denote 
the Galois conjugate point. Then the QM-abelian surface corresponding to P o <f> r is (A^ p ^Frobpr,* t). 

Proof. Fix an Eichler order O of level N in B D . Note that (A^ pr \ Frobp*-,* l) = (A^ pr \VeT* pr l) where Ver* r i 
is defined in the obvious way. Since Ver p >- itself is the pullback of <\> r along A -* S |Liu02[ p. 94] we obtain 
our result. □ 

3.1. Split Primes and the Eichler- Selberg Trace Formula. 

Definition 3.5. Let S be a Z p -scheme with p \ DN. Let Xq(N) be defined over S. If (n, DN) = 1, T n is 
the correspondence 

XP(Nn) s 




<i>i 

XP(N) S XP(N) S 
where <&i is the modular forgetful map and $2 = $1 w n . 

The correspondences T n are commonly known as Hecke correspondences. Let s be a closed point of S with 
fc(s) = k(s) so that Xq (iV) s has a £;(s)-rational point and thus correspondences on Xq(N) are in bijection 
with endomorphisms of jP(N) s |Mil86i Corollary 6.3]. We may also use T n to denote the endomorphism 
of J^{N) S = J(XP(N) S ) induced by the map of sets XP(N) S -+ Div(X D (iV) s ) P w ($ 2 ,*$D P - This 
operator on jP(N) s is commonly referred to as a Hecke operator. We will explore the case (n,DN) > 1 in 
section 13.21 

Theorem 3.6 (Eichler-Shimura). There is an equality of endomorphisms of jP(N) s between T p and 
Frob p + Ver p . 

Proof. The particularly simple proof given below was sketched by Stein in the case of the elliptic modular 
curve Xq(N) [RS11, Theorem 12.6.4], and the same proof also works for Shimura Curves. □ 

Definition 3.7. If Cf p is a smooth, projective curve, we may define the zeta function of C as 

(00 

Shimura [Shi67] proved the following explicit formula for the zeta function. 
Theorem 3.8. If £1 denotes the canonical sheaf on XP(N), then 

D det H c (XoD(JV)|0) (J g -T p x+px 2 I g ) 
(1) Z(X ° (N)¥ ^ X) = (l-x)(l-px) • 



Proof. First we note that if R is a characteristic (0,p) dvr with separably closed residue field k and £ + p is a 
prime of good reduction for a relative curve X/r then, by smooth and proper base change |Mil801 Corollary 
VI.4.2], H 1 (X k ,Cli)^H (X k ,Q)®H (X k ,D,y. 

Now we invoke the Weil Conjectures for curves |Mil80[ Corollary V.2.6]. That is, 

Z p (X°(N) s ,x) = fl (det (/ - a;Frob p ) \ Ht{x o (N)a>Qi) ' . 

4=0 

Moreover, since dimXg (N) s = 1, (I-xFrob p ) \ H °(X»(N) s ,Q e )= ( l ~ x ) and (/-xProb p ) \ H ^(x^>(,N) 3 ,Q e ) = 
(l-px). Howe ver, sin ce H 1 (X^(N) s ,Q e ) = H°(Xg(N) s , Q) e (A/%, ft) v = ff (jf(Ar) s ,Q) ® 

H°(Jo > (N)s, ri) v [Mil86, Proposition 2.2], we have (/2 9 -xFrob p ) |//i(x°(tv) s ,q € ) equal to 

= (7 9 -xFrobp)(/g -xFrobp) \ H o(j°{ N ) B ,n) 

= (h ~ a;(Frob p + Ver p ) + x 2 Frob p Ver p ) \ H °(j°(N),n) 

= (Ig-T p x+px 2 I g ) \ H o(x°(N),n) ■ 

□ 

Corollary 3.9. |JL851 Proposition 2.1] Ifr> 1 then 

(2) #X° &)(¥„)) = + l ~HT r ) +ptr(T pr - 2 ) 
and if r = 1, 

(3) #X D (AT)(F p ))=p+l-tr(T p ) 

Let o~\ as the usual divisor sum function. Let w,f be as in Definition 11.261 and eo n be as in Definition 

OSI 

Theorem 3.10. [Eichler's Trace Formula, |Eic56i §4]/ Let D be the discriminant of an indefinite rational 
quaternion algebra, N a square-free integer coprime to D and £ a prime not dividing DN . Let tr(T„) denote 
the trace of T n on H°(Xg(N) c ,Sl). 

If n is not a square and (n,DN) = 1, then 



(4) tr(T n ) = a 1 (n)- £ £ - \ f 

S =-[2 N ATJ/|/( S 2 -4n) W^^j^J 

Corollary 3.11. 

#X D (N)(F p ) = £ E A L J 

s=-L2 N /pJ/l/(« 2 -4p) wy—f^} 

3.2. Inert primes and the Eichler-Selberg trace formula. We shall briefly follow Rotger, Skorobogatov 
and Yafaev |RSY05[ §2] to obtain a formula for the number of points of C D (N, d, m)(F p ). This will not 
give a strict numerical criterion for the presence or absence of points, but it will give an exact formula as 
we will see in Theorem 13.171 In certain cases however, such as when m = DN, we will be able to use the 
properties of superspecial points to get a numerical criterion, as in Corollary 13.201 We begin by extending 
the definition of Hecke operators T n . 

Suppose that (DN, j ) = 1, m = (n, DN)\DN and n' = ^'^ . Let S be a Z p -scheme and <&i : 

X£>(Nn') s ~* X®(N) S be the forgetful map. By abuse of notation, let w m denote the Atkin-Lehner 
involution on either X® (Nn')s or X^(N)s- Note that $iw m = w m &i, so if s is a closed point of S with 
k(s) = k[a), T n ,w m = w m T n , : X°(N) S -> Div(X°(N) s ). 

Definition 3.12. Suppose that (DN, , " ) = 1, m = (n,DN)\DN and n' = , * N) . Then define T n = 
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Let m | DN and consider the quotient (X^ ) (N)/w m ) s . Let denote the canonical sheaf of (X®(N) S . 
Since w m is an involution, H a (X^(N) s ,£l) decomposes into the direct sum of the +1 and -1 eigenspaces 
under its action. Note that H a ((X®(N)/w m ) s ,Sl.) is the +1 eigenspace. 

Suppose that v € H°(X® (N) s ,il) such that w m v = v. Then w m T p v = T p w m v = T p v and therefore T p acts 
onH°((X°(N)/w m ) s ,n). 

Definition 3.13. If p \ DN and m\DN, then by T p (m) we denote the restriction of T p to H°((X^(N)/w m ) s ,n). 

Note that since T p (m) is just T p on a smaller vector space, T p n ^ = Frob p + Ver p on 3ac((X^ > (N)/w m ) s ) by 
Theorem 13.61 

Corollary 3.14. Let g' be the genus of (X®(N))/w m )r p . The zeta function of the quotient curve is 



Z p (XP(N)/w m ,x) 



det 



HO(X ( f(N)/w m ,n)( 1 g'-- L P X+pXlg>) 



(1 - x)(l - px) 

Proof. Since T p m ^ = Frob p + Ver p on Jac((X® (N)/w m ) s ), we may reuse the proof of Theorem 13.81 □ 
We may thus see that if r > 1 then 

#(X°(N)/w m )(F p r) =p r + l- tr(T^ l) ) +ptr(T|™ ) ), 

and 

#(X°(N)/w m )(W p ) =p+l- tr(T p (" 1 )). 

Now note that we may compute that tr(T_v ) (on (XP(iV)/w; m )) is equal to i(tr(T p r) + tr(T p r m )) (on 
X? (AT)) via the identification of H°(X^(N)/w m , ft) with the +1 eigenspace of H°(XP (N),Q) with respect 
to w m . We may thus explicitly compute the traces on the quotient curve using Eichler's Trace Formula to 
obtain the following. 

Theorem 3.15. If r > 1 then 

rD,*TM s,k, ^ r 1 tr(2»+tr(2> m ) p(tr(T p .- 2 ) + tr(T p .-2 m )) 



(5) #(X»(N)/w m )(W p r)= P <- + l- w ' 2 w ' + 
and if r = 1 then 

(6) #(xP(N)/w m )(¥ p ) = P+ 1 - tr(Tp) + 2 tr(rpm) 

If = 1, then C D (N,d,m) = Qp X D (iV). If = -1, then consider the following: 
Lemma 3.16. 

(7) 2#XP(N)/w m (W p r) = #X I? (7V)(F P +#C D (7V,d,m)(F P 
Proof. Consider the following quotients by the action of w m . 

XP(N)(¥ p r) C D (N,d,m)(¥ p ,) 
XP(N)/w m (¥ pr ) 

Consider that XP (N) /w m (¥ p r-) is made up of the set of equivalence classes [P, Q] such that P, Q e 
XP(N)(¥ p r), w m (P) = Q and for all a e Gal(F p ,-/F p r) either aP = Q and crQ = P or aP = P and crQ = Q. 
In either case, P, Q e F p 2r and we may fix a as the generator of Gal(F p 2r/F p r). The former case indicates that 
w m aP = w m Q = P and thus P, Q e C D (N, d, m)(F„r) while the latter case indicates that P, Q e XP(N)(¥ p r). 

li P + Q then [P, Q] is a point over which the (geometric) map 

x o( N ) -»■ XP(N)/w m is unramified, 
and so gives rise to two points in either X D (iV)(F p .) or C D (7V, d, m)(¥ pr ). If P = Q then [P,Q] = [P,P] 
is a ramification point for the map of schemes XP(N) -*■ XP(N)/w m . Note however that we have both 
w m aP = P and aP = P so P lies both on XP(N)(¥ p r) and C D (N, d, m)(¥ p r ). □ 
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We may then combine Lemma |3 . 1 61 with Theorem 13. 151 to obtain the following explicit formula. 
Theorem 3.17. Let p be inert in Q(\/d) and let m\DN . If r > 1 then 

(8) #C D (N,d,m)(W pr ) = p r + 1 -tr(2> ro ) +ptr(7>- 2m ) 
and if r = 1 then 

(9) #C D (N,d,m)(W p )=p+l-tY(T pm ) 
In light of Theorem 13.171 we make the following definition. 

Definition 3.18. For squarefree coprime integers D and N, for m\DN and forp \ DN, let TF(D, N, m,p) := 

p+1 - tr H o ( x o D (JV),0)(^pm)- 

3.3. Inert primes and superspecial points. We now use the theory of superspecial points to gain explicit 
criteria for the presence of rational points. Recall that the superspecial points of X® (N)(¥ p ) are in bijection 
with Pic(Dp, N) via the embedding c : X®(N)f p -*■ X® (Np)r p by Lemma T2.9I Recall also that the action 
of Frobp € Gal(Fp/F p ) on the superspecial points in X®(N)(F p ) is given by w p by Lemma \2. 231 

Theorem 3.19. If p \ DN is inert in Q(\/d), then C D (N, d, m)(Q p ) is nonempty if either 

• mp ^ 3 mod 4 and eu P] iv( _ 4mp) + 0, or 

• mp = 3 mod 4 and one of e£) Pj 7v( _ 4mp) or eD Pt N(-mp) is nonzero, or 

• p = 2, m = 1, and one o/eDp,iv(-4) or e£> p .Ar(-8) is nonzero. 

Proof. We wish to determine if Z(¥ p ) contains a superspecial point. This occurs if and only if there is a 
superspecial point P e X®(N)(F p ) such that P = w mp P. By Corollary 12. 22[ there is a superspecial w mp - 
fixed point P if and only if there is an embedding of Z[^/-mp] into End t (o)(A) where (A, t) corresponds to 
P, or possibly Z[^] if mp = 2. 

If mp = 2 then both Z[^4] and Z[\/^2] are maximal orders, of discriminants -4 and -8 respectively. If 
mp = 1 mod 4, then Z[^/-mp] is maximal and of discriminant —imp. If mp = 3 mod 4 then Z[^/-mp] again 

has discriminant -imp but is no longer maximal. It is contained in Z[ 1+v 2 ~" — ], which is maximal and has 
discriminant -mp. Since there are no intermediate orders, this completes the proof. □ 

Corollary 3.20. If p \ DN is inert in Q(\/d), C D (N, d, m)(Q p ) is nonempty when m = DN. Moreover, 
Z(F p ) contains a point corresponding to a superspecial surface. 

4. Local Points at Ramified Primes 

Throughout this section we will fix D the discriminant of an indefinite quaternion Q-algebra, N a square- 
free integer coprime to D, a squarefree integer d, an integer m | DN and a prime p \ DN ramified in Q(\/d). 
Let X®(N)/q be given by Corollary 12. II Let w m be as in Definition 12.21 Let C D (N,d,m)/Q the twist of 
XP(N) by Q(Vd) and w m . If A < 0, let H A (X) e Z[X] |Cox891 p.285] denote the Hilbert Class Polynomial 
of discriminant A, and recall that this is simply the polynomial whose roots are the j-invariants of elliptic 
curves with complex multiplication by Ra- 

Theorem 4.1. Suppose thatp \ 2DN is a prime which is ramified in Q(\/d) andm\DN. Then C D (N, d, m)(Q p ) + 
if and only if one of the following occurs. 

(1) = 1; ez?,7v( _ 4m) * ; and H-4 m (X) = has a root modulo p 

(2) f~^J — 1; m = 3 mod 4, eu ! Ar(-m) + ; and H- m (X) = has a root modulo p 

(3) (^f^) = -l,m = DN, 2 \ D, = -1 for all primes q | D, and = 1 for all primes q | N such 
that q + 2 

(4) 2 | N, (-^^) = -1, m= DN/2, (^) = -1 for all primes q \ D, and = 1 for all primes q \ N 
such that q + 2 

(5) 2 | D, [ Z ^ L ) = ~l,m = DN, p = ±3 mod 8, (^) = -1 for all primes q \ (D/2), and = 1 for all 
primes q \ N . 
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(6) 2 | D, ( = ^ ? ) = -l,m = DN/2, DN = 2,6, or 10 mod 16, p = ±3 mod 8, {jf} = -1 /or a// primes 
o | D, and ( ^2 j = 1 /or a/i primes q | TV. 

Compare this to the following theorem. 

Theorem 4.2. Lei p fee a prime, (p,2N) = 1, D = 1, and m = N. Then C D (N,d,m)(Q p ) is nonempty if 
and only if H-4 m (X) = has a root modulo p. 

Proof. Suppose that p > 2, D = 1 and m = N . By |Ozml2i Proposition 4.6], C D (N, d, m)(Q p ) is nonempty if 
and only if there is a prime v of B = Q[X]/(Lf_4, n (X)) such that f{y\p) = 1. But then since p does not divide 
N, p is unramified in B. Therefore there exists a prime v such that f{y\p) = 1 if and only if H-4 m (X) = 
has a root modulo p |Ser79[ Proposition 15]. □ 

We may combine the results of Theorem 14. If 3) with those of Theorem 14.21 to yield the following. 

Corollary 4.3. Let p + 2 be a prime and let N be a squarefree integer such that = It follows that 

H-4n(X) has a root modulo p if and only if for all odd primes q \ N , (~~ \ = 1- 

To establish Theorem 14.11 and Corollary 14.31 we determine a regular model over Z p of C D (N, d, m)q . 
We shall indeed show the following. 

Theorem 4.4. There is a regular model X/% of C D (N,d,m)Q p with the following properties. There is an 
equality of divisors on X , 

b 

Xr p = 2j diTi, 

i=0 

such that each T,; is defined over¥ p and is prime, each di <2, do = 2, To = (X®(N)/w m )f , and for all i> 0, 

Ml.) 

Suppose additionally that p + 2. Then for all i > 0, di = 1 and Tq intersects with T,; in a unique point Qi. 
These points Qi are such that £t=i Qi is the branch divisor of Xq '{N)r p -*■ (X®(N)/w m )w p - 

In fact, we shall show that if p + 2, X is the blowup of a scheme Z/j, such that there is an equality 
of divisors Z^ p = 2T where T = (X®(N)/w m )w p . Therefore there are smooth points of X(¥ p ) if and only 
if F p = Fp(Pj) = Fp(Ti) since Ti = Pj, /Q.y After constructing Z and X, we will describe Fp(Q,), i.e., the 
Fp-rationality of w m -fixed points. 

4.1. The first steps towards forming a model. Let us begin with a few foundational facts. 

Lemma 4.5. Let X/ K be a curve with potentially semistable reduction realized by a cyclic totally ramified 
extension L/K of local fields. Let k be their common residue field and let S/R be the corresponding extension 
of discrete valuation rings. Let y -> Spcc(S') be a regular model of Xl, Gal(L/ K) = (a) and assume that 
there exists some a an automorphism ofy above a : Spec(S') -> Spec(5) extending the Galois action on X^. 

(1) The quotient Z = y/{a) is a scheme of relative dimension one over Spec(i?) with generic fiber X , 

(2) Let £i,...,£„ be the generic points of the irreducible components C\,...,C n of yk lying above a 
component C of Z^ with generic point £. Let Di = = denote the decomposition and 
inertia groups, respectively. Then the multiplicity of £ in Zk is \Di\n/\Li\. 

Proof. That Z is a Spec(i?)-scheme follows from the universal properties of the quotient as outlined in 
|Vie771 3.6]. To obtain the multiplicities, we recall |Liu02[ VIII. 3. 9] that the multiplicity of £j is Vi(s) where 
Vi is the discrete valuation of Oy^ t and s is a uniformizer of S. As y has semistable reduction, Vi(s) = 1 for 
all i. Likewise the multiplicity of £ is v(r) where v is the discrete valuation of Oz,£ and r is a uniformizer 
of R. As y -*■ Z is Galois, there are positive integers e,g such that Vi \r= ev and g = \Di/Ii\ for all i and 
[L: K] = eqn. As L/K is totally ramified, rS = s eqn S. It then follows that 

ev{r) = Vi(r) = Vi(s eqn ) = eqnvi(s) 

and thus v(r) = qnvi(s) = qn = \DijLi\n = |.Dj|n/|ii|. □ 
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Lemma 4.6. [Lorlll 5.2] Under the hypotheses of Lemma \4-.5[ the non-regular points of Z are precisely the 
branch points Qi, ■ ■ ■ ,Qb of '34 -*■ Z^. 

If K = Q p and L = Q p (^/d) then R = Z p , S = Z p [\/d], k = F p , and o~(\/d) = -\/d. If additionally 
X = X ( P(iV)Q p , then 3% p is smooth and we may realize y = X®(N)j z jyjj from Corollary 12. II If we take 
a = w m o a and take Z = 37(a), then the following holds. 

Theorem 4.7. The scheme Z/% = y/{ct) has generic fiber C D (N,d,rn)Q p! and there is an equality of 
divisors Zf p = 2T where F = (Xfi ) (N)/w m )w p - 

Proof. Since there is a unique component of 3V P , n = 1. Let be the generic points of the components 
of 3% and Zp respectively. Then D(£'\£) = (a) since a preserves 34 • Since w m acts non-trivially on 34 , 
/(C'lC) = {id}- The multiplicity of the component corresponding to £ is thus 2. 

To determine the T such that 2r = Z^ p , recall that the pushforward under / : 3^ -»■ Z of y^ p forms a prime 
divisor of Z in Zf and must therefore be T. To determine this pushforward, note that the induced action 
of a on Spec(Fp) is trivial and consider the following commutative square. 



Spec(Z p [Vd]) Spec(Z p [^]) 

The fiber product of this square with Spec(F p ) -> Spec(Z p [\/d]) is simply the Spec(F p )-involution w rn 
on 3^f = Xq'(N)v . It follows that /, when restricted to 3fr becomes simply the quotient map X®(N)r -> 
(X°(N)/w m ) ¥p , and therefore T = (X° (N)/w m ) ¥p . 

□ 

We note by Lemma l4~6l that Z is not generally a regular scheme. To make the resolution of its singularities 
easier, we fix the following. 

Definition 4.8. Fix an ordering {Qi} of the branch points of the quotient map / : X®(N)f p -» (X®(N)/w m )w p - 
Let Pi denote the unique preimage of Qi under /. 

Note that by definition, the Pi are exactly the points of X®(N)r fixed by w m . When p + 2, we will 
explicitly describe a desingularization of Z in the strong sense |Liu02[ Definition 8.3.39]. This will be a 
regular model of C D (N,d,m)Q p . We will first describe the branch points {Qi} and their F p -rationality. 

4.2. Atkin-Lehner fixed points over finite fields. Throughout this section, we will keep the notation 
of Definition 14.81 Note that since Q p [\/d] is totally ramified over Q p , ¥ p (Qi) = ¥ p (Pi). 

Lemma 4.9. Let Z be non-regular and n ■ X -* Z a desingularization in the strong sense and assume that for 
alii, TT^ 1 (Qi) is a chain of rational curves such that at least one has multiplicity one. Then C D (N, d,m)(Q p ) 
is nonempty if and only if either 

(1) = 1 an d one °f the following holds: 

• m = 2 or 

• -ff_4 m (X) has a root modulo p or 

• m = 3 mod 4 and H- m (X) has a root modulo p, 

(2) or = _ 1 an d one of the conditions of Corollarv \2.27\ are satisfied. 

Proof. Note first that each component in TT^ 1 (Qi) must be isomorphic to P F (q.)- Therefore by our assump- 
tion on 7r, F p = W p (Qi) if and only if there is a reduced copy of P Fp in 7r _1 (Qj). 

By Lemma 12.111 any QM abelian surface over a finite field must be either ordinary or supersingular. 
Suppose first that (A,l) is supersingular and fixed by w m . By Lemma 12.131 if (A,l) is a supersingular 
QM-abelian surface over a finite field of characteristic p, then (A,i) is superspecial. Therefore, one of the 
conditions of Corollary 12.271 hold if and only if there is a QM abelian surface (A,i) fixed by w m whose 
corresponding point Pi is F p -rational. 
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Now suppose that (A, l) is an ordinary QM-abelian surface over a finite field k fixed by w m . By Theorem 
[2TT41 there are elliptic curves E and E' such that End fe (^) = End fc (£") = R' = Z[V^to] or Z[ 1+N ^" r ] (or 
ZfCi] if ?n = 2) and A = Ex E'. Now note that the j-invariants of E and £" are roots of H_4 m (X) modp, 
H- m (X) modp if vn = 3 mod 4, or H-^{X) if m = 2. If to = 2, then £/_4(X) and have degree one 

so for all p, H&(X) has a root modulo p. Since the j-invariants of E and -E' are defined over F p , (A, i) is 
defined over F p . Therefore if Pi corresponds to the surface (A,l) then ¥ p (Pi) = ¥ p . 

Recall now the classical theorem of Deuring that if if is a number field, p | p is a prime, and E/ K is an 

elliptic curve with CM by Pa then E mod p is ordinary if and only if 

(f ) = 1 |Lan87l Theorem 13.12]. 

Therefore (A,l) is ordinary if and only if (~p^j = 1- 

We have thus shown that either (1) or (2) holds if and only if there is a reduced copy of Pj, in some 
n (Qi). Since the strict transform of T in X has multiplicity two, the presence of a reduced copy of Pj. in 
some 7r _1 (Qi) is equivalent to the presence of a smooth point of X(¥ p ). By Hensel's Lemma |JL85[ Lemma 
1.1], the presence of a smooth point in X(¥ p ) is equivalent to C D (N, d, to)(Q p ) being nonempty. □ 

4.3. Tame Potential Good Reduction. In this section we construct a regular model of C D (N, d, to)q . 
Let Xz p ■= B1{q.}(Z), the blowup of Z along the branch divisor of y^ -> Z^ p |Liu02[ Definition 8.1.1]. Since 
the blowup construction gives a map X -*■ Z which is an isomorphism away from {Qi}, X is a regular model 
if and only if X -*■ Z is a desingularization in the strong sense if and only if X is a regular scheme. 

To see that this is a regular scheme, let R = Z™ r , a strict henselization of Z p . We will construct in this 
section an auxiliary scheme Xj-^. If we can show that X-^ = X' . it will follow that X is regular |CES03[ Lemma 

2.1.1]. Thus, the hypotheses of Lemma l4~9l would be satisfied and thus Theorem 14.11 would be proved. 

Also fix S = R[s/d], k' the residue field of S, k the residue field of P, and note that both k and k' must 
be isomorphic to F p . We note the following. 

Lemma 4.10. Suppose that p + 2 and let Q be a point of Qi x Zp R. Then Q is a tame cyclic quotient 
singularity [CES03, Definition 2.3.6] with n = 2 and r = 1. 

Proof. Let a denote the extension of a from y to y^. We wish to show that O s ^ q is the ring of invariants 
of a /i2 (or since p + 2, Z/2Z) action. Fix an isomorphism = Oy—.p where P is the unique preimage 

of Q under / : y^ -> Z-j^. Since w m is always Galois-equi variant, a(\/d) = -yd. Since a induces an 
isomorphism ^[[T]] = ^[^(T)]], a(T) = P a (T) = Y,j>i a jT-' ■ Since a is an involution, ct\ = -1. Then 
a(T) - T = -2T(1 + 0(T)), i.e. a(T) - T = -2T mod (T 2 ). Since -2 { m^r, S[[T]] = S[[T']] where 
T := a(T) - T. Note also that cF(T') = a(a(T) -T) = T -a(T) = ~(T'). Therefore and V form a basis 
of uniformizers for the two-dimensional local ring Oy—^p and a acts as -1 on both \fd and T'. 

Note now that Oz^,q is the ring of invariants of the /^-action given by a on >5[[T']]. Recall that since 
p * 2 is a uniformizer for R and p is ramified in Q(vc£) where d is square-free, d is also a uniformizer. 
Therefore 5[[T ']] = R[[t 1 ,t 2 ]]/(t™ 1 t™ 2 -d) where toi = 2, i 2 = T', and to 2 = in the notation of |CES03| . It 
follows that Q is a tame cyclic quotient singularity with n = 2 and r = 1 . □ 

From here on, let 6' be such that £i=i x Zp i? = ^i=i Qi- 

Definition 4.11. Let i? be a discrete valuation ring with algebraically closed residue field, X/r be a scheme, 
and P a tame cyclic quotient singularity of X of type n, r. Then [CES03t Theorem 2.4.1] we can inductively 
produce a chain of divisors E\ , . . . E\ and a set of integers b\,...,b\ such that 

• There is a resolution Xp -*■ X of the singularity at P whose fiber over P is the chain made up of the 

Ei'B 

• E, ■ Ej = 5 iij±1 if i * j, E] = -bj < -1, 
. — ~ b\ t 1 ! . 

This is called the Hirzebruch-Jung desingularization at P. 
Theorem 4.12. If p+ 2 there is a desingularization of R- schemes X' -* Z-^ such that X' k has the form 
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where V is the strict transform of and for all i > 0, F'i = F k . This is to say that there is an equality of divisors 
on X' between X' h and 2T' + Y,i=i rj, Fo n 1^ = Q[ € Qi x Zp R, and all intersections are transverse. Moreover X-^ = X' , 
and since X' is a regular scheme, so is X . It follows that X is a regular Z p model for C D (N, d, ?n)q p • 

Proof. We construct X' by performing the Hirzebruch-Jung desingularization at Q for all Q in all Qi x R. 
By Lemma f4. 101 n = 2, r = 1 and thus A = 1 and b\ = | in Definition 14.111 Therefore X' k has the form above 
[CES031 Theorem 2.4.1]. 

Recall now that X' -*■ Z-^, X-^ -»■ Z-^ are birational morphisms and so there is a birational map / : X-^ -*■ X' 
making the following diagram commute. 

X-5 - - >■ X' - - Xs 




Since R is Dedekind, / _1 |jv is the identity and / can be extended so that the preimage of each divisor 
on either X-s or X' is again a divisor. We thus find that / is a morphism and thus an isomorphism |Liu02[ 
Theorem 8.3.20]. It follows that X-^ is regular and therefore X is regular [CES03, Lemma 2.1.1]. □ 

Corollary 4.13. Theorem \JJ\ holds. 

Proof. By Theorem 14. 121 the conditions of Lemma 1431 hold. □ 

Remark 4.14. In the case that X®(N)/w m = Pjj^ we may deduce this theorem from work of Sadek |SadlO) . 

Remark 4.15. Retaining the notation of Lemma 14.61 if p = 2 we still have that Zj% 2 is a normal scheme, non- 
regular precisely at the fixed points on the special fiber of w m . Moreover, these singularities are still Z/2Z- 
quotient singularities. Once more, we may resolve these singularities to give a regular model of C D (N,d,m). 
Unfortunately Lemma 14.101 no longer holds as these singularities are wild, and it is not known under what 
circumstances a resolution will have non-reduced components. 

5. Local points when p\D 

Throughout this section we will fix D the discriminant of an indefinite quaternion Q-algebra, N a square- 
free integer coprime to D, a squarefree integer d, an integer m \ DN and a prime p | D unramified in Q(\/d). 
Let w m be as in Definition \2~2\ Let X^(N) /Q be as defined in Corollary |2~TI and let C D (N,d,m) /Q be its 
twist by Q(\/d) and w m . The purpose of this section is to prove the following theorem. 

Theorem 5.1. Suppose that p \ D is unramified in Q(\/d) and m | DN . Let pi, qj be primes such that 
D/p = UtPi and N = Uj Qj- 

• Suppose p is split in Q(^/d) . Then C D (N, d, m) (Q p ) is nonempty if and only if one of the following 
two cases occurs [Theorem \5.11^ . 

(1) p = 2, pi = 3 mod 4 for all i, and qj = 1 mod 4 for all j 

(2) p = 1 mod 4, D = 2p, and N = 1 

• Suppose that p is inert in 

— If p | m, C D (AT,d,m)(Q p ) is nonempty if and only if one of the following four cases occurs. 

(1) m = p, pi ^ 1 mod 3 for all i, and qj ^ 2 mod 3 for all j [Lemma \5. 7f 

(2) m=2p and one of e D / pN (-A) or £d/p,n{~&) * s nonzero [Lemma \5.8^ 



(3) m/p f. 3 mod 4 and eD/ Pl iv(-4m/p) is nonzero [Lemma \5.8^ 

(4) m/p s 3 mod 4 and one of e D / p N (-Am/p) or erj/ p ]y(-m/p) is nonzero [Lemma \5.8^ 

— If p \ m, C D (N,d,m)(Clp) is nonempty if and only if one of the following four cases occurs 
[Theorem\£TH- 

(1) p = 2, m = 1, Pi = 3 mod 4 for all i, and qj = 1 mod 4 for all j 

(2) p=l mod 4, m = DN/(2p), for all i, Pi ^ 1 mod 4, and /or a/Z j, qj ^ 3 mod 4 

(3) p = 2, to = DN/2, pi = 3 mod 4 /or aH i, and Oj = 1 mod 4 for all i 

(4) p = 1 mod 4, m = DN/p, for all i, pi / 1 mod 4, and /or a// j, Oj / 3 mod 4 

As opposed to the case where p | N, all conditions here are determined by congruences. For completeness, 
we record the following. 

Corollary 5.2. Let pi, qj be primes such that D/p = YliPi an d N = Ylj Qj- 

• If p is split in Q(\/d) ; then C D (N,d,DN) = Xq° (N) over Q p and X^ (N)(Q p ) is nonempty if and 
only if one of the following two cases occurs. 

(1) p = 2, pi = 3 mod 4 for all i, and qj = 1 mod 4 for all j 

(2) p = 1 mod 4, D = 2p, and N = 1 

• If p is inert in Q(\/d) then C D (N,d, DN)(Q P ) is nonempty. 

Proof. Note that erj/ P! jv( _ 4ZW/.p) is always nonzero by Theorem 11.291 □ 

To prove Theorem 15.11 we shall need to work with regular models for Xq (N)q and C D (N, d, to)q p . 

Definition 5.3. Let n : X -*■ X Q D (N)/z p denote a minimal desingularization. If x is a superspecial point on 
Xq° (AT)= let I = t{x) be as in Definition [231 If I > 1, 7r*(x(Spec(Fp))) = Uti C« where for a11 Q = P± 
and exactly two points of Cj are singular in . 

For n | £W, let w n denote the automorphism of Definition 12.21 Note that extending the automorphism 
w n from Definition 12.21 to X makes sense because w n ■ X D (N) -* X®(N) induces a birational morphism 
X -* X permuting the components of X$ . Therefore w n on Xq(N) induces an isomorphism X -*■ X |Liu021 
Remark 8.3.25]. 

We note also that the components of Xq (iV)= are in T'F-equivariant bijection with Pic(D/p, N) TJ Pic(D/p, N) 
by Theorem l2.6l The intersection points, which can only link a component in one copy of Pic(D/p, N) to a 
component in the other copy of Pic(D/p, N) are in VF-equivariant bijection with Pic(D/p, Np) as in Theorem 
12.61 The bijection of the components with two copies of Pic(D/p,N) is W/(w p )-equi variant. As in Lemma 
12.91 w p interchanges the two copies of Pic(D/p,N). We define the length of a component of X D (N)^ by 
the length of the associated element of Pic(D/p, N) as in Definition 12.51 

Definition 5.4. Let a be such that (a) = Autz p (Z p 2 ). We denote by Z/ z the regular model of C D (N, d, to) q p 
obtained as the etale quotient Z of Xz 2 by the action of w m o a . 

Note that if p is inert in Q(\/d) then Z p [vd] = Z p 2 and thus the generic fiber of Z is C D (TV, d, to)q p . 
Therefore Z is a regular model of C D (N,d,m)Q p if p is inert in Q(\/d). 

We also note that if p is split in Q(Vd), or if p is inert and m = 1, then C D (N,d,m)Q p = Xq (N)q . lip 
is split in Q(\/d), we can consider d! to be any square- free integer such that p is inert in Q(\/d') and 2' to 
be the regular model of C D (N,d', l) Qp = X^(jV) Qj) . Therefore, we shall obtain our results when p is split 
as a corollary to our results when p \ m. 

5.1. The proof when p | m. 

Lemma 5.5. Le£p 1 13 6e unramified in Q(\/d) and p | to. TTien C D (N,d,m)(Q p ) is nonempty if and only 
if one of the following occurs. 

(1) p=m and there is some component of Xq '(N)^ with length greater than one 

(2) p+m and there is a component of X (N)^ fixed by 
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Proof. If p = m this is the obvious extension of a result of Rotger-Skorobogatov-Yafaev [RSY05, Proposition 
3.4]. 

Now suppose that p | m but p + to and recall the curve M / Zp of Theorem l2.61 Let tt' : N -*■ M be a minimal 
desingularization, so that N^ p is the twist of Z^ p by F p 2 and w m / p . Since to + p, w m j p is not the identity. 
Recall that a non-identity involution of P 1 fixes exactly 2 points of P 1 (F p ). Suppose that a component of 
Nf is fixed by w m / p (under the isomorphism Nf = Zf = Xf ) . Therefore there is a component y = Pj. of 
Z^ p . Since all intersection points are rational and at most 2 singular intersection points stayed F p -rational, y 
contains the image of a smooth ¥ p rational point. Since there is a smooth point of Z(¥ p ), C D (N, d,m)(Q p ) 
is nonempty by Hensel's Lemma. 

Finally we note that if a component C of X^ is fixed by w m / p then so is its image 7r(C) . If tt(C) is a compo- 
nent of Xq'(N)^ , we are done. If 7r(C) is not a component then it is an intersection point of two components 
C-l,C% of Xq 3 (iV)jj . It follows that w m j p either fixes both of them or interchanges them. However, Theo- 
rem 12. 61 tells us that under the bijection between components of X®(N)f and Pic(D/p, N) TJ Pic(D/p, N), 
C\ must lie in one copy and C2 in the other. Since these bijections are W A /(w p )-equivariant, w m j p cannot 
interchange C\ and Ci and must therefore fix them. □ 

Example 5.6. Let X = Xq 6 (1)/z 2 , which is regular over Z2. Depicted below is the dual graph of X^ . This 
tells us that X^ is simply two copies o/Pi glued along the ¥2-rational points of each. 



X\» : 



Since the action of W2 Frob2 fixes each component and intersection point, the only fixed points are non- 
smooth, and thus C 26 (l, d, 2)(Q2) is empty for all d = ±3 mod 8. On the other hand, since the action of 
W2s Frob2 cannot interchange x\ and x' 1: it must act non-trivially on each component, and thus there must 
be a smooth fixed point of W26 Frob2 . It follows that C 26 (l, d, 26)(Q2) is nonempty for all d= ±3mod8. 

Lemma 5.7. If p = m andp is inert in Q(\/d) ; then C D (N,d,m)(Cl P ) + if and only if one of the following 
occurs. 

(1) For all primes q \ (D/p) , q ^ 1 mod 4, and for all primes q | N , 9^3 mod 4. 

(2) For all primes q \ (D/p), q ^ 1 mod 3, and for all primes q \ N, q^2 mod 3. 

Proof. By Theorem 11.291 condition (1) is equivalent to eDi P jq(-A) + and condition (2) is equivalent to 
e D/p,A'( _ 3) + 0- We know that e£>/ p jv( _ 4) + if and only if there is a component of X®(N)f of length 
divisible by two and er}/ P ,N(~^) * if and only if there is a component of X® (N)^ of length divisible by 
three. This is to say that one of the two conditions of the Lemma occur if and only if there is a component 
y of Xq > (N)^ such that £(y) > 1. But then by Lemma 15.51 there is such a component if and only if 

C D (N,d, to) (Q p ) is nonempty. □ 

Lemma 5.8. If p \ to and p + m, then C D (N,d,m)(Q p ) is nonempty if and only if one of the following 
occurs. 

• to = 2p and one of e£)/^jv(~4), £d/p,n(~&) * s nonzero. 

• m/p ^ 3 mod 4 and er)i p fq(-Am\p) is nonzero. 

• m/ps3mod4 and one of er)/ p j^(-Am/p) or e D / p N (-m/p) is nonzero. 

Proof. Suppose that p \ to and p + to. After Lemma [5.51 C D (N,d,m)(Q p ) is nonempty if and only if a 
component of Xq(N)^ is fixed by w m / p . After Lemma 12.91 such a component corresponds to an element 
of Pic(D/p, N). After Lemma \2. 221 such a component is fixed by w m / p if and only if there is an embedding 

of Z[^/-m/p] (or 7i\C,i\ if m/p = 2) into the QM endomorphisms of (A,l). Such an embedding of an order 
R exists if and only if there is an optimal embedding of an order R' o R. In this case, the only orders which 

contain Z[^-m/p] are itself or Z 1+ ^^ m lp . = 3 mod 4. Respectively, their discriminants are -4m/p 

and -m/p, so the result follows from Theorem 11.291 □ 
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FIGURE 1 . The dual graphs of X= and y=_ 



5.2. The proof when p \ m. Once more, we shall use Hensel's Lemma to determine whether C D (N, d, m)(Q p ) 
is nonempty in terms of Xg . If p \ m then the action of Frob p on the components and intersection points of 

Zg = Xg coincides with the action of w mp . However, by Lemma |2.9[ the action of w mp on Xq(N)^ fixes 
no component. In fact, we conclude the following. 

Lemma 5.9. Suppose that p \ m is unramified in Q(\/d). Then C D (N,d,m)(Q p ) is nonempty if and only 
if there is a superspecial w mp - fixed intersection point x of even length in X ( f(N) f . 

Proof. If C D (N,d,m)(Q p ) is nonempty, then by Hensel's Lemma there is a smooth point of Z(F p ). There- 
fore, there is a smooth point P of X(¥ p ) fixed by P i-> w m PFrob p = w mp P. By Lemma 1231 the action of w mp 
on Xq'(N)^ fixes no component. Therefore, 7r(P) = x is the intersection point of two components. Since 

P is smooth, 7r*(a;(Spec(Fp))) * P(Spec(F p )). Therefore i = t(x) > 1 and thus 7r*(x(Spec(F p ))) = Ufci C% 
with Ci = Pi as in Definition 15.31 Since w mp (x) = x, w mp Ci = Ci-i. Therefore, the only component which 
could be fixed by w mp is Cnj%. If such a component exists, then i must be even. 

Conversely, if there is a superspecial u> mp -fixed intersection point x of even length then w mp Cij2 = Q/2- 
There is thus a component of Z^ which is defined over F p . It follows that there is a smooth point in Z(¥ p ) 

and therefore C D (N,d,m)(Q p ) is nonempty. □ 

The following example will illustrate ways that this can happen. 

Example 5.10. Let X denote the regular Z13 model of Xq S (1) and let y denote the regular Z2 model of 
Xq(5). Depicted in figure^ are the dual graphs of X^ (on the left) and (on the right). Respectively the 
arrows denote the action o/u>2Frobi3 anc?Frob2. 

It is easy to see that even though the intersection points of length 3 on X^ G {1)-^^ are fixed by the action of 
W2Frobi3, they can not yield smooth rational points as the action exchanges a with a'. The rational points 
here can only come from a fixed intersection point of length 2. Since there is such an intersection point on 
^o 6 (l)f 2 ' ^ ere * s a component of X^ fixed by the action o/w2Frobi3. Thus C 26 (l,d, 2)(Qi3) is nonempty 
for all d such that (^) = — 1. Similarly, because the two intersection points of length 2 on X®(5)f are not 
interchanged by the action of Frob2 , there are components of y^ fixed by the action of Frob2 . Therefore 
Xq(5)(Q2) is nonempty. 

The reader is encouraged to keep these examples in mind while reading the conditions of the following 
theorem. 

Theorem 5.11. If p \ m, C D (N,d,m)(C^ p ) is nonempty if and only if one of the following occurs. 

(1) p= 2, m = 1, q = 3 mod 4 for all q | (D/2), and q=l mod 4 for all q | N. 

(2) p = 1 mod 4, m = DN/(2p), qfl mod 4 for all q \ (D/p), and q±3 mod 4 for all q \ N. 

(3) p = 2, m = DN/2, q = 3 mod 4 for all q | (D/2) and q = 1 mod 4 for all q | N. 

(4) p = 1 mod 4, m = DN/p, , q ^ 1 mod 4 for all q \ (D/p), and q ^ 3 mod 4 for all q \ N. 

Proof. By Lemma 15.91 C D (N, d, rn)(Q p ) is nonempty if and only if there is a superspecial w mp -fixed inter- 
section point of even length. By Corollary 12. 261 this can occur if and only if all of the following occur. 
• mp= 1,2, DN/2 or DN. 
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• for all q | (D/p), either q = 2 or q = 3 mod 4 

• for all q | Np, either q = 2 or q = 1 mod 4 

If toj> = 2 then to = 1 and p = 2. If mp = DN/2 then p # 2 and since p | iVp, we must have ps 1 mod 4. If 
toj> = DN then to = DN/p and either p = 2 or p = 1 mod 4. □ 

To give an idea of the power of this theorem, let us show how it gives a new proof of the Theorem of 
Jordan-Livne and Ogg. 

Corollary 5.12. Let D be the discriminant of an indefinite (^-quaternion algebra, N a square-free integer 
coprime to D and p | D. Then X® (iV)(Q p ) is nonempty if and only if one of the following occurs. 

• p = 2, q = 3 mod 4 for all q \ (D/2) and q=l mod 4 for all q \ N 

• p = 1 mod A, D = 2p and N = 1 

Proof. If p = 2 we are in case (1) of Theorem 15.111 We cannot have p = DN for any p since p \ D and thus 
D is divisible by at least two primes, so Theorem l5.11l (3) or (4) cannot occur. If DN = 2p with p = 1 mod 4 
then we must at least have (2p) \ D, but then D = 2p and N = 1. □ 

Finally we give a family of examples of twists of X^(N) which have points everywhere locally. 

Example 5.13. Let q be an odd prime, consider the curve Xq 9 (1) and let g be its genus. Let p = 3 mod 8 
such that = _ 1 and for all odd primes I less than Ag 2 , (-jr) = -1. Consider the twist C 2q (l,-p.2q) of 

x 2q (i). q ^ 

Note that since p = 3 mod 8 and (~~^ = _ L both 2 and q are inert in Q(^/-p) • Therefore C 2q (l, -p, 2g)(Q2) 
and C 2q (l,-p,2q)(£l q ) are both nonempty by Corollaru \5 ."A 

Since = _ 1 and p = 3 mod 4, = -1. Since p = 3 mod 8, = ~1 an d = ~1- Therefore 

= - 1 an d ("if") = (f) = _ 1- Since we already had = _ 1 ; we may apply Theorem \4-l\ to say 

C 2q (l,-p,2q)(Q p )*0. 

Let i \ 2pq be a prime. If i > Ag 2 then we may apply Theorem \3.1\ to see that C 2q {\, -p.2g)(Q^ ) is 
nonempty. If £ < Ag 2 then we may apply Corollarv \3.20\ to see that C 2q (l, -p, 2q)(Qt) is nonempty. 

Finally, since -p < 0, C 2q (l,-p,2q) ^r, Xg q (l), the latter of which does not have real points |Cla03| 
Theorem 55]. Therefore (X 2q (1) / W2q) (R) + if and only if C 2q (l, -p,2g)(R) is nonempty. But then by 
Theorem \ 1.291 there is an embedding of Z[^/-2q] into any maximal order in P>2 q and thus XQ 9 (l)/u>2 g has 
real points |Ogg83[ Theorem 3] . 

6. Local points when p | N 

Throughout this section we will fix D the discriminant of an indefinite quaternion Q-algebra, N a square- 
free integer coprime to D, a square-free integer d, an integer m | DN, and a prime p | N unramified in Q(\/d). 
Let w m be as in Definition 12.21 Let Xq ) (N)/q be as defined in Definition 12. 1[ and let C D (N,d,m)/Q be its 
twist by Q(\/d) and w m . The purpose of this section is to prove the following theorem. 

Theorem 6.1. Let p \ N be unramified in Q(\/~d) and to | DN. We have C D (N,d,m)(Q p ) nonempty if 
and only if the conditions of (a) or (b) hold. 

(a) p is split in Q(\/d) and one of the following conditions holds. 

• D = 1 [LemmaWM- 

• p = 2, D = YliPi with each pi = 3 mod 4, and N/p = Ylj qj with each qj = 1 mod 4 [Lemma\6AT$. 

• p = 3, D = YliPi with each Pi = 2 mod 3, and N/p = Ylj qj with each qj = 1 mod 3 [Lemma \6.12]j . 

• TF'(D,N,l,p) >0 [Definition\KM Lemma \6l^ . 

(b) p is inert in Q(\/d) ; and there are prime factorizations Dp = YliPi, N/p = Ylj qj such that one of 
the following two conditions holds 

(i) p | to, and one of the following two conditions holds f Theorem ] 6. 7f . 

• p = 2, to = p or DN , for all i, pi = 3 mod 4, and for all j , qj = 1 mod 4. 

• p = 3 mod 4, m = p or 2p, for all i, Pi ^ 1 mod 4, and for all j , qj ^ 3 mod 4. 
(ii) p \ to and one of the following nine conditions holds. 
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• m = D = 1 [Lemma 1 6. #) /. 

• p = 2, m = 1, for all i, pi = 3 mod 4, and for all j , qj = 1 mod 4 [Lemma \6.11^ . 

• p = 3, m = 1, /or oZZ i, pi = 2 mod 3, and for all j , qj = 1 mod 3 /Lemma 1 6'. 12^ . 

• p = 3 mod 4, m = DN/2p, Pi ^ 1 mod 4 /or aZZ i, and qj ^ 3 mod 4 /or aZZ j [Lemma 1 6'. i if . 

• jje 2 mod 3, m = DN/3p, pi ^ 1 mod 3 /or aZZ i, and g,,- ^ 2 mod 3 /or aZZ j [Lemma \6. 12^ . 

• m = DN lp, pi ^ 1 mod 4 /or a/Z i, and qj ^ 3 mod 4 /or aZZ j [Lemma \6'.ll]/ . 

• m = DN lp, pi ^ 1 mod 3 /or a/Z i, and g,,- ^ 2 mod 3 for all j [Lemma \6.12^ . 

• TF'(D,N,m,p) >0 [Definition\MM Lemma \Ul^ 

As a special case, we recover the following explicit numerical conditions. 

Corollary 6.2. Let p be a prime dividing N such that p is unramified in Q(\/d). Then C D (N,d,DN)(Q p ) 
is nonempty if and only if 

• p is split in Q(\/d) and one of the following conditions holds. 

- D = 1. 

- p = 2, D = YliPi with each pi = 3 mod 4, and N/p = Ylj 1j with each qj = 1 mod 4. 

- p = 3, D = YliPi with each Pi = 2 mod 3, and N/p = Ylj qj with each qj = 1 mod 3. 

- TF'(D,N, l,p) > 0. 

• p is inert in Q(\/d) with Dp = YliPi, N/p = Ylj qj such that one of the following holds. 

- p = 2, for all i, pi = 3 mod 4 and for all j, qj = 1 mod 4. 

- p = 3 mod 4, D = 1 and N = p or 2p. 

To prove Theorem 16. 11 we will have to make the following definitions. 

Definition 6.3. Assume that p \ N. Let X^(N) /Zp be as in Theorem |2~51 and let tt : X -* Xq(N) be a 
minimal desingularization, so that Xz p is a regular model for X$ (N)q p . 

Note that if n | DN then extending the automorphism w n from Definition 12.21 to X makes sense. This is 
because w n ■ X®(N) X®(N) induces a birational morphism X -* X permuting the components of Xp p . 
Therefore w n on X®(N) induces an isomorphism X -» X |Liu02[ Remark 8.3.25]. 

The model X is equipped with a closed embedding c' : X®(N/p)/f -*■ X such that nc' = c, the embedding 
defined in Theorem 12.81 Let a be such that (a) = Autz p (Z p 2). 

Definition 6.4. Let Z be the etale quotient of Xz 2 by the action of w m o a. 

Note that if p is inert in Q(\/d) then Z p [v"] = Z p 2 and thus the generic fiber of Z is C D (N,d,m)Q p . 
Therefore Z is a regular model of C D (N, d, m)Q p if p is inert in Q(\/d). 

We also note that if p is split in Q(vd), or if p is inert and m = 1, then C D (N, d, to)q p = Xq 3 (AT)q . 
Therefore, if p is split in Q(\/d), we can consider d' to be any square-free integer such that p is inert in 
Qi^/d 7 ) and Z' to be the regular model of C D (N,d',l) Qp = X^(N) Qp . Therefore, we shall obtain our 
results when p is split as a corollary to our results when p \ m. 

We shall organize our results into two sections. In the first, we will consider the case when p\ m. In that 
case, w m and thus the twisted action of Galois will permute c'(X^(N/p)p p ) and w p d '(Xq \N / 'p)v p ) on the 
special fiber. In the second, we will consider the case when p \ m and we may have to additionally allow 
for points on c'(X^ (N /p)p ). Note also that if X° denotes the complement of the superspecial points in X, 

6.1. The proof when p \ m is inert. Suppose that D is the discriminant of an indefinite quaternion Q- 
algebra, N, d are square-free integers with (D,N) = 1, m | DN, and p \ m is inert in Q(\/d). Fix X and Z 
as in Definition 16.31 If p | m, the action of w m on the regular model X interchanges c'(X^(N/p)f p ) and 
w p c'(X®(N)r p . Therefore if P denotes an element of Z(¥ p ) then 7r(P(Spec(F )9 )) must lie on both copies 
of X®(N/p)f p . This is to say that the base change to ¥ p of nP is a superspecial point, say x. 

Lemma 6.5. If D,N,d,m,p are as described in the beginning of this chapter and p \ m is inert in Q(\/d), 
then C D (N, d, m)(Q p ) + if and only if there is a superspecial w m / p -fixed point x e X® (N)(F p ) of even 
length. 
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FIGURE 2. The F 3 special fiber of X 



Proof. By abuse of notation, let Frob p = c\>\ : Spec(F p ) -»• Spec(F p ) where <f>\ ■ F p -*■ F p . Note that under 
the bijection from -2<(F p ) to X(¥ p ), the Galois action P >-»• PFrob p on Z(F p ) translates to the action of 
P !-»■ w m PFrob p on X(¥ p ). 

Suppose that C D (N,d,m)(Q p ) is nonempty. Then by Hensel's Lemma |JL85| Lemma 1.1] there must 
be an element of Z sm (F p ), or rather a smooth point such that P = u> m PFrob p in X(¥ p ). Since p | m, w m 
interchanges c(X®(N/p)f ) with w p c(X®(N/p)f ). A smooth fixed point P of w m o Frob p must therefore 
map to a superspecial point under n. 

Suppose there is such a smooth fixed point P. Let £ = £(x), so that smoothness implies £ > 1. We have 



7r*x(Spec(F p )) = Uti 1 d with d = Pi and if i < j, 



1 1 j = i + 1, 1 < i < ^ 
1 else 



By Lemma 12.231 x Frob r = w p (x), so we have w m oFrob p (a;) = w m w p (x) = w m j p (x). Therefore by continuity, 
w m j p fixes each C\ and for each i, w p Ci = Ce-i- Therefore, unless £ is even we arrive at a contradiction. 

Conversely suppose that there is a superspecial point x such that t = £(x) is even and w m / p (x) = x. Then 
we have C\ 7 . . .Ce-i fixed by w m / p by assumption. Since w p fixes Cm, it follows that C^ 2 is defined over 
F p . Therefore by Hensel's Lemma, C' D (N,d,m)(Q p ) * 0. □ 

To illustrate this Lemma, consider the following example. 

Example 6.6. The diagram in figure^ depicts the special fiber of X over F3 where X denotes the regular 
Z^-model of Xq (39) = Xq(39) with the action u^gFroba given by the arrows. 

Note the resolutions of the four superspecial points of Xo(39)f 3 : 1 of length 1, 2 of length 2 and 1 of 
length 3. Note also that while there are superspecial points of length 2, and there are some superspecial 
points fixed by the action ofw^Yroh^,, there are no superspecial points of length 2 fixed by the action 0/W13. 
As a consequence, if 3 is inert in Q(\/rf) then C 1 (39, d, 39)(Qa) is empty, because there are no smooth fixed 
points of W39 Frob3 on Aj^ . 

This example illustrates an error in the criterion of Theorem 1.1(3) in the recent paper of Ozman |Ozml2| . 
The correct numerical criterion is properly given by Corollary 16. 2i via the following Theorem. 



Theorem 6.7. Suppose that D,N,d,m and p are as in Theorem I6.il and p \ m is inert in Q(s/d). The 
C D (N,d,m)(Q p ) + if and only if 

• p = 2, m = p or DN , for all q \ D, q = 3 mod 4, and for all q \ (N/2), q = 1 mod 4, or 

• p = 3 mod 4, m = p or 2p, for all q \ D q ^ 1 mod 4, and for all q \ (N/p), q ^ 3 mod 4. 
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FIGURE 3. The F n special fiber of X 

Proof. By Lemma 16.51 C D (N,d,m)(Q p ) is nonempty if and only if there is a superspecial w m / p -fixed point 
of even length in Xg(N)(F p ). By Lemma \2~M the QM endomorph ism ring of a superspecial point on 
X®(N)(¥ p ) has discriminant D' = Dp and level N' = N/p. Note that D'N' = DN. By Lemma[12Sl there 
is a superspecial w m / p -fixed point of even length if and only if 

• m/p = 1, 2, DN/2 or DN and 

• for all q \ Dp, q = 2 or q = 3 mod 4 and 

• for all q \ (N/p), q = 2 or q = 1 mod 4. 

We may immediately see that (m/p) | (DN /p) < DN so m/p t DN. If m/p = 1 then m = p and either 
p = 2, or p = 3 mod 4. If p = 2, 2 + (DN/2) so for all q | D, q = 3 mod 4, and for all q \ (N/2), q=l mod 4. 
If m/p = 2 then m = 2p and we conclude that p = 3 mod 4. If m/p = DN/2 then DNp/2 = m | Z?iV and we 
conclude that p = 2. □ 

6.2. The proof when p| m is split or inert. We begin with the following observation regarding cusps, 
which are points that can only exist if D = 1. 

Lemma 6.8. |Ogg74[ Proposition 3] If N is square-free and m \ N, then w m fixes a cusp of Xq(N) if and 
only if m = 1 . 

Therefore if N, d are square-free and p | N is a prime, then C l (N, d, m)(Q p ) contains a cusp if and only 
if either p is split in Q(\/d) or m = 1. We now illustrate the three ways in which C D (N, d, m)(Q p ) could be 
nonempty via the following example. 

Example 6.9. Let D = 6, N = p = 11, m = 1 and d any integer such that 11 is inert in Q(\/(i), say -1 for 
instance. Note that C (11,— 1,1) =q n Xq(11). Let X denote the regular Zn-model of X® (11) . Then the 
diagram in figure^ depicts where the arrows describe the action of w\ Frobn = Frobn. 

We check to see if Xq (ll)(Qn) is nonempty as follows. Although there are intersection points of length 
2 and 3 on Xg(ll)f , none are fixed by the action o/Frobn. Therefore the only way that Xg(ll)(Qn) 
could be nonempty would be if there were a non superspecial point in Xq(1)(Fh). Using the trace formula, 
or the fact that there are only four superspecial points on Xq(1)^ 11 = , we conclude that X® (11) (Qn) is 
nonempty. 

Lemma 6.10. Let D, N,d,m,p be as in Theorem \6.1\ and suppose p \ m is unramified in Q(\/d). Suppose 
that C D (N, d, m)(Q p ) does not contain a cusp. Then C D (N, d, m)(Q p ) + if and only if one of the following 
occurs. 
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• There is a superspecial w mp -fixed point of even length on X®(N)(¥ p ). 

• There is a superspecial w mp -fixed point of length divisible by three on X®(N)(¥ p ) . 

• There is a non- superspecial point of C D (N /p,d,m)(¥ p ) . 

Proof. Recall the regular models X,Z of Definition 16.31 Recall that there is a bijection from Z(¥ p ) to 
X(¥ p ), under which the Galois action P >-> PFrob p on Z(¥ p ) translates to the action P m- u> m PFrob p on 
X(¥ p ). 

By Lemma ?2. 231 the action of Frob p on the superspecial points of X®(N)^ is the action of w p . Therefore 
a superspecial F p -rational point of Z corresponds to a superspecial w„ lp -fixed point of X^(N)^ . 

Suppose now that C D (N,d,m)(Q p ) is nonempty, or equivalently by Hensel's Lemma that Z sm (¥ p ) is 
nonempty. Suppose further that there are no superspecial w mp -fixed points of length divisible by 2 or 3, that 
is, all superspecial points fixed by w mp have length 1. It follows that if P is a smooth fixed point of w mp in 
X(¥ p ), then tt(P) = x is not superspecial. 

Conversely, suppose first that there is an F p -rational point of Z which is not superspecial. By the 
embedding c : X®(N/p)p p -> X®(N)^ p , there is a non-superspecial F p -rational point of Z. Since Xq(N)^ 
is smooth away from superspecial points, C D (N,d,m)(Q p ) is nonempty by Hensel's lemma. 

Now suppose there is a superspecial w mp -fixed point x with i = £(x) > 1. It follows that 7r*(a;(Spec(F p ))) = 
U|=i Ci with Ci = Pi and at most two singular points in X= on each Cj. Since w m x¥voh p = w mp (x) = x, 

p p 

for all i, w m Froh p Ci = w mp Ci = Ci by continuity of n. Therefore Ci defines an F p -rational component of 
Z^ with at most two singular points. Therefore Z sm (¥ p ) is nonempty and by Hensel's Lemma, Z(Q p ) is 
nonempty. □ 

Lemma 6.11. There is a superspecial w m p-fixed point of even length on Xq(N)-^ if and only if one of the 
following occurs. 

(1) p = 2, m = 1, q = 3 mod 4 for all primes q \ D, and q = 1 mod 4 for all primes q | (N/2) . 

(2) p = 3 mod 4, 2 | DN/p, m = DN/2p, q ^ 1 mod 4 for all primes q | D, and q ^ 3 mod 4 for all primes 
q\(N/p). 

(S) m = DN/p, p ^ 1 mod 4 ; q ^ 1 mod 4 for all primes q \ D , and q ^ 3 mod 4 for all primes q \ (N/p). 

Proof. By Lemma [2.26[ there is a superspecial iu mp -fixed point of even length if and only if all of the following 
occur: 

• mp= l,2,LW/2 or DN, 

• for all primes q \ Dp, q = 2 or q = 3 mod 4, 

• for all primes q \ (N /p), q = 2 or q = 1 mod 4. 

If rap = 2 then p = 2, so 2 \ (DN/p), and m = 1. If rap = DN/2 then p \ (DN/2) and thus p * 2 because 
DN is square-free. It follows that m = DN/(2p) with p = 3 mod 4. The only remaining case is mp = DN, in 
which case p ^ 1 mod 4. □ 

Lemma 6.12. There is a superspecial point of length divisible by three in X® (N)(¥ p ) fixed by w mp if and 
only if one of the following occurs. 

• p= 3, ra = l, q = 2 mod 3 for all primes q \ D, and q = 1 mod 3 for all primes q \ (N/3) . 

• p = 2 mod 3, 3 | DN/p, ra = DN/3p, 9^1 mod 3 for all primes q \ D, and q £ 2 mod 3 for all primes 

q\(N/ P ). 

• ra = DN/p, p ^ 1 mod 3 ; q ^ 1 mod 3 for all primes q \ D, and q ^ 2 mod 3 for all primes q \ (N/p). 

Proof. By Lemma 12.251 there is a superspecial u> mp -fixed point of length divisible by three if and only if all 
of the following occur: 

• rap= l,3,DN/3 or DN, 

• for all primes q \ Dp, q = 3 or q = 2 mod 3, 

• for all primes q \ (N/p), q = 3 or q = 1 mod 3. 

If rap = 3 then p = 3, so 3 \ (DN/p), and m = 1. If rap = DN/3 then p \ (DN/3) and thus p + 3 because 
DN is square-free. It follows that ra = DN/(3p) with p = 2 mod 3. The only remaining case is mp = DN, 
and thus p = 3 or p = 2 mod 3. □ 
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We note that since p \ (DN/p) and m \ (DN/p), we may recall TF(D, N/p, m,p) = (p + 1) - tr(T pm ) as 
in Definition 13.181 With this in mind we make the following definition. 

Definition 6.13. If p \ N and m \ (DN/p), we let 



TF'(D,N,m,p) := 



TF(D,N/p,m,p) - ( eo ^- 4) + ep ^ 8 ( ) " 8) ) mp = 2 

TF(D,N/p,m,p) - C^'-'LT^ + eD ::/-LT P) ) mp*2,mp^modi 



[TF(D,N/p,m,p) - eD Z N 'l { m lT P) m P E3mod4 



u>(-4mp) w(-mp) 
jv /p (~4m 

u>(-4mp) 

Lemma 6.14. There is a non- super special ¥ p -rational point of Z if and only if T F' (D , N , m, p) > 0. 

Proof. Let y /Zp denote the smooth model of C D (N/p,d,m). By TheoremGHTTl #^(F p ) = (p+ 1) -tr(T pm ) = 
TF(D, N/p, m,p). By Lemma r2.23( there is a superspecial point in y(W p ) if and only if there is a superspecial 
point fixed by w mp in X®(N)(F p ). By Corollary |2.22l there is a superspecial point x in X® (N/p)(¥ p ) fixed 
by w mp if and only if Z[^/-mp] (or Z[^4] if mp = 2) embeds into End t (e>)(A) where (A, t) corresponds to x. 

We now count the number n mp of w mp -fixed superspecial points so we can subtract them off. Suppose 
that O' is an Eichler order O' of level N/p in Bd p , p m is the unique two-sided ideal of norm mp in O' , 
and Mi , Mh are right ideals of O' which form a complete set of representatives of Pic(D/p, Np) . Under 
Lemma |2.9[ n m p is the number of indices i such that Mi = Mi ®p m . Thus |Vig80, p. 152], the number of such 
superspecial fixed points is the number of embeddings of Z[^/-mp] (or Z[(4] if mp = 2) into any left order of 

an Mi . limp =2 the number of these is epp w ^ P 4 ( ) ' 4) + e ° p ^ p 8 ( ) " 8) • limp +2 and mp f 3 mod 4 then the number 
of these is ecp '" /p( ' 4 I" p) . If mp = 3 mod 4 then the number of these is eDp -" /p( "" P) + £cp '"/ p( " 4 " rt . □ 

W{-4mp) 1 w{-7np) w{-4mp) 

Unlike the case p \ D, the conditions under which X®(N)(Q p ) is nonempty were not previously known 
when p | N and D > 1. In the following, we eschew the TF' notation to show how it is possible to 
directly compute on the special fiber of this Shimura curve. Note that condition (4) is simply the inequality 
TF'(D,N, l,p) > 0. 

Theorem 6.15. Let D be the discriminant of an indefinite (^-quaternion algebra, N a square-free integer 
coprime to D and p \ N . Then X ( f > (A r )(Q p ) is nonempty if and only if one of the following occurs. 

(1) D=l. 

(2) p=2, for all q\D, q = 3 mod A, and for all q \ (N/2), q=l mod 4. 

(3) p = 3 7 m = 1, for all q \ D, q = 2 mod 3, and for all q \ (N/3), q = 1 mod 3. 

(4) The following inequality holds 



[2 f J / y epM^Y 

L-d I L-d { s 2 -4v\ 

s-LjVFJ \/|/(s 2 -4p) W (— fT^ j / 



>0. 



Proof. First we note that if D = 1, then there is a Q-rational cusp by Lemma 16.81 Set m = 1 and assume 
D * 1. By LemmaEini X^(N)(Q p ) is non-empty if and only if one of the following occurs. 

• There is a superspecial w p -fixed point of even length in X$ (N)(¥ p ). 

• There is a superspecial u> p -fixed point of length divisible by three in X® (N)(F P ). 

• There is a non-superspecial F p -rational point. 

By Lemma 16.111 there is a w p fixed point of even length if and only if one of the following occurs. 

• p = 2, for all q \ D, q = 3 mod 4 and for all q | (N/2), q=l mod 4 

• p = 3 mod 4 and DN = 2p 

• DN = p and p = 2 or p = 3 mod 4 

However, if either of the latter two occurs, D = 1 in contradiction to our assumption. 
By Lemma I6.12| there is a w p fixed point of length divisible by three if and only if one of the following 
occurs. 

• p = 3, for all q | D, q = 2 mod 3 and for all q \ (N/3), q = 1 mod 3 

• p = 2 mod 3 and DN = 3p 

• DN = p and p = 3 or p = 2 mod 3 
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Once again, if either of the latter two occurs, D = 1. Suppose now that in addition to D + 1, all superspecial 
points have length 1, so the number of non-superspecial F p -rational points on Xq (N/p) can be written as 



(p+l)-tr(T p ) 



E 

/l/(-4p) 



BDp,N/p 



(if) 



Recall now TheoremGIini the Eichler-Selberg trace formula on H°(X® (N/p) f ,£1): 

( s 2 -4p \ \ 

Gd,n/ p I p J 



tr(T p ) = (p + l) 



L2v^J 

E 



E 



s=-\2^p\ \/l/(s 2 -4p) 



Therefore, if p + 2 there is a non-superspecial F p -rational point of X®(N/p) if and only if the following 
quantity is nonzero. 



/ 



(p + 1) 



(p+1)- 

[2v^J / 

E 



[2v/pJ 

E 



E 



s#0 



\ 



E 

/l/(-4p) 



e Dp,N/p 



E 

/l/(s 2 -4p) 



e D,N/p 



• E 

/l/(-4p) 



e D,N/p ("T^r) ~ e Dp,N/p ) 



Now recall that e AA r(A) = /i(A) n p |D (l " {f }) il^Ar (l + {f }) and /(A) is the conductor of i? A . There- 
fore e DpjW / P (A) = (l-|-|)e AJV/j ,(A) and thus e DjA r /p (A) -e Dp ^ N / p (A) = |~| e D,N/p{&)- However, con- 

P 



sider that f(-4p) = 1 or 2, depending on p mod 4. Moreover, if p = 2 then /(-8) = 1. Therefore, since p | 



for all / | /(-4p), 
of (4) still suffices. 



0. Finally, if p = 2 and (2) does not hold, then &Dp,N /p{~^) = 0, and the formula 



□ 



We now find, for infinitely many pairs of integers D and N, infinitely many nontrivial twists of X®(N) 
which have points everywhere locally. 

Example 6.16. Let q be a prime which is 3 mod 4 and consider the curve X^q). We will show that if 
p = 1 mod 4 is a prime such that = -1 then C 1 (q,p,q)(Cl v ) is nonempty for all places v of Q. Since 

p > 0, C 1 (q,p, q) =r Xy(q) and thus C 1 (q,p,q)(Ti) + 0. We note that since p = 1 mod 4, Q(^/p) is ramified 
precisely at p. Therefore if t \ pq is a prime, then t is unramified in Q(^/p). If t splits in Q(^/p), then 
C 1 ( < 3 , iP; < ?) =Q f X(j(q) and thus C 1 (q,p,q)(Qe) + 0. If £ is inert in Q(^/p), then C 1 (q,p,q)(Qi) + by 
Corollary [EM 

Since p = 1 mod 4, f^j = ^ij = and thus q is inert in Q(^/p). Therefore by Theorem \6.lV b). 
C 1 (q,p,q)(Q q ) is nonempty. Moreover, (^M = ( p ) = _ 1 an d so by Theorem ^. 1\ C 1 (q,p,q)(Q p ) + 0. 
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